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Trilocus Disequilibrium Analysis of
Multiallelic Markers in Outcrossing

Populations
Arthur Berg, Qiuling He, Ye Shen, Ying Chen, Minren Huang, and Rongling Wu

Abstract

Multiallelic markers, such as microsatellites, provide a powerful tool for studying the genetic
structure and organization of an outcrossing population. However, statistical methods of analyzing
multiallelic markers in current literature are limited in scope due to the complexity of the multiple
alleles. We present a closed-form EM algorithm framework to estimate trigenic linkage
disequilibria coefficients of three multiallelic markers and present joint and separate statistical
hypothesis tests of different linkage disequilibria. Linkage disequilibria analysis with three
multiallelic markers is shown to be considerably more powerful than a two marker analysis or a
three marker analysis that treats the multiallelic markers as biallelic markers. A three multiallelic
marker model was used to analyze marker data from Lycoris longituba, a tulip-like ornamental
plant in China, where each marker consisted of two to four distinct alleles. This algorithm will be
useful for studying the pattern of genetic variation for outcrossing populations.

KEYWORDS: EM algorithm, linkage disequilibrium, multiallelic marker, natural population,
trigenic disequilibrium
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INTRODUCTION

Molecular markers have been served as a useful tool to study the genetic struc-
ture and diversity of a population. By testing Hardy-Weinberg equilibrium and
gametic linkage disequilibrium for different markers, the genetic properties of a
population can be quantified. Widely used marker systems in current studies
include biallelic markers, such as restricted fragment length polymorphisms
and single nucleotide polymorphisms, dominant markers, such as random am-
plified polymorphic DNA, amplified fragment length polymorphisms, and pro-
teomic markers, and multiallelic markers, such as microsatellites. Most early
statistical methods for disequilibrium analysis are based on biallelic codomi-
nant markers (Weir and Ott 1996). Slatkin and Excoffier (1996) published a
seminal paper for implementing the EM algorithm to estimate haplotype fre-
quencies for this type of markers. More recently, the analysis and modeling of
dominant DNA markers has received considerable attention in the past decade
(Zhivotovsky 1999; Miller and Schaal 2006). Li et al. (2007) developed a gen-
eral framework for disequilibrium analysis of biallelic and dominant markers
in a diploid outcrossing population.

Linkage disequilibrium (LD) analysis is an important method in popula-
tion genetics as described in the classical papers Bennett (1954), Lewontin
and Kojima (1960), and Hill (1974), and modern usages of linkage disequi-
librium has been nicely surveyed in a recent Nature Reviews Genetics article
by Slatkin (2008). LD for multiple loci was developed with a probabilistic
model by Geiringer (1944) in the Annals of Mathematical Statistics, and also
provided an algorithmic framework to estimate the higher-order linkage coef-
ficients. By adopting an alternative definition of higher-order disequilibrium
given in Dausset et al. (1978), Gorelick and Laubichler (2004) presented an
alternative model for multilocus linkage disequilibrium. These models and al-
gorithms, however, have been limited to biallelic and dominant markers, and
here we present a general theory for higher-order LD estimation with multial-
lelic markers.

In many situations, biallelic and dominant markers cannot adequately re-
flect the highly polymorphic nature of an outcrossing population which is still
in a wild or semi-wild status. Microsatellites or simple sequence repeats that
consist of repeating units of 1-6 base pairs in length have power to detect mul-
tiple alleles at a single locus and have been increasingly used to understand
the genetic diversity of outcrossing populations. However, because of increas-
ing complexity, statistical approaches for analyzing multiallelic microsatellite
markers have not well ben developed. Some studies simply collapse three or
more alleles into two groups, one containing the most prevalent alleles and
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the other containing all other alleles, and then a biallelic analysis is performed
(Long et al. 1995). This collapsing step can dramatically change the power
of the linkage disequilibrium analysis as indicated in (Weir and Cockerham
1978). Other studies attempt to take into account the multiallelic character-
istic of microsatellites (Mohlke et al. 2001), but genetic theories for marker
analysis in these studies are limited to one or two multiallelic markers. An-
alyzing individual multiallelic markers for Hardy-Weinberg equilibrium has
been extensively studied (Hernandez and Weir 1989; Guo and Thompson 1992;
Louis and Dempster 1987). Analyzing pairs of multiallelic markers for link-
age disequilibrium using the EM algorithm has been proposed in (Kalinowski
and Hedrick 2001). Zaykin et al. (2008) show a correlation-based approach
for inferencing and testing linkage disequilibrium with multiple alleles. Kim
et al. (2008) consider a measure of multilocus LD with an arbitrary number
of loci in a biallelic setting by utilizing a multiple order Markov chain model.
Coalescence theory provides an alternative approach to defining LD, requiring
the modeling of ancestry, yet can efficiently handle an arbitrary number of
markers (cf. Hössjer et al. (2009)).

It has been recognized that three-marker analysis is advantageous in the
detection power of disequilibria and their estimation precision than two-marker
analysis because of more data used in the former (Li et al. 2007; Li and Wu
2009). However, this advantage has never been justified for the analysis of mul-
tiallelic markers in which an exponentially increasing number of disequilibria
will need to be estimated although more data are involved. The motivation
of this article is to present a detailed analysis of linkage disequilibria with
three multiallelic markers, each with any number of alleles in outcrossing pop-
ulations, and also provide an analytical procedure for estimating and testing
trigenic linkage disequilibria at different orders. Computer simulations were
conducted and indicate that a three-locus disequilibrium analysis is not only
more powerful for detecting the existence of disequilibria of different kinds,
but also more precise for estimating the value of disequilibria, as compared to
traditional two-locus analysis. Disequilibrium analysis with real data from a
plant population genetic study validates the utilization and usefulness of the
new approach.

DISEQUILIBRIUM MODEL FOR THREE MULTIALLELIC
MARKERS

Consider an outcrossing population from which a sample of n unrelated in-
dividuals are drawn randomly. Microsatellites are used to genotype these
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sampled individuals, leading to the observation of multiallelic markers. The
number of alleles at a single marker may vary from locus to locus. We consider
the trigenic linkage disequilibrium estimation and testing of three multiallelic
markers A, B, and C each in Hardy-Weinberg equilibrium.

Suppose there are m1 alleles at marker A, m2 alleles at marker B, and m3

alleles at marker C. The general haplotype model for the m1m2m3 haplotypes
is written as

pijk = piqjrk + (−1)i+jDij + (−1)i+kDik + (−1)j+kDjk + (−1)i+j+kDijk (1)

(for i = 1, . . . ,m1; j = 1, . . . ,m2; k = 1, . . . ,m3) where pi, qj, and rk are
allele frequencies for the ith, jth, and kth alleles, respectively; Dij, Djk, and
Dik are the digenic linkage disequilibrium coefficients, and Dijk is the trigenic
linkage disequilibrium coefficient. A normalized measure of the trigenic linkage
disequilibrium coefficient is discussed in Robinson et al. (1991). It would seem
there are more linkage coefficients than equations in (3), but the disequilibrium
coefficients satisfy a number of restrictions allowing the disequilibrium model
in (3) to be identifiable (Weir 1979).

Let i1i2j1j2k1k2 (1 ≤ i1 ≤ i2 ≤ m1, 1 ≤ j1 ≤ j2 ≤ m2, k1 ≤ k2 ≤ m3)
denote a general genotype formed by the three multiallelic markers, and let
Pi1i2j1j2k1k2 and ni1i2j1j2k1k2 denote the genotype probability and observation
count, respectively, for this genotype. The genotype probability can be ex-
pressed in terms of the haplotype probabilities in the following way:

Pi1i2j1j2k1k2 =



p2ijk, i1 = i2 := i; j1 = j2 := j; k1 = k2 := k

2pijk1
pijk2

, i1 = i2 := i; j1 = j2 := j; k1 6= k2
2pij1kpij2k, i1 = i2 := i; j1 6= j2; k1 = k2 := k
2pi1jkpi2jk, i1 6= i2; j1 = j2 := j; k1 = k2 := k
2pij1k1

pij2k2
+ 2pij1k2

pij2k1
, i1 = i2 := i; j1 6= j2; k1 6= k2

2pi1jk1
pi2jk2

+ 2pi1jk2
pi2jk1

, i1 6= i2; j1 = j2 := j; k1 6= k2
2pi1j1kpi2j2k + 2pi1j2kpi2j1k, i1 6= i2; j1 6= j2; k1 = k2 := k
2pi1j1k1

pi2j2k2
+ 2pi1j1k2

pi2j2k1

+2pi1j2k1
pi2j1k2

+ 2pi1j2k2
pi2j1k1

, i1 6= i2; j1 6= j2; k1 6= k2

A multinomial mixture likelihood based on the above probabilities and ob-
served genotype counts ni1i2j1j2k1k2 gives the motivation behind the haplotype
frequency estimation.

Estimation of the trigenic linkage disequilibrium coefficients is detailed in
Appendix C, but we provide summary of the approach here. In the case of
three multiallelic markers, we first provide a procedure for haplotype frequency
estimation that differs slightly from the general methodology that is discussed
in Excoffier and Slatkin (1995). As in Excoffier and Slatkin (1995), we utilize
the EM algorithm, but differences are present in the expectation step involv-
ing the double and triple heterozygote counts. Upon producing haplotype
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frequency estimates, the disequilibrium coefficients are estimated by reparam-
eterizing the coefficients and finally reversing the original reparameterization.

In the following section, we describe the hypothesis tests that are available
by considering various hypotheses of linkage disequilibrium.

HYPOTHESIS TESTING

Overall linkage disequilibria involving three multiallelic markers can be tested
by formulating the following null and alternative hypotheses:.

H0 : Dijk = 0, for all i, j, k vs. H1 : At least one equality does not hold.

The general form of the log-likelihood is given by

logL =
∑

P̂i1i2j1j2k1k2ni1i2j1j2k1k2 (2)

where the sum is over all possible genotypes i1i2j1j2k1k2. This log-likelhood
quantity can be computed under both the null and alternative hypotheses.
Under the null hypothesis, P̂i1i2j1j2k1k2 is calculated under the null with haplo-
type frequencies derived from the allele frequency estimates; i.e., p̂ijk = p̂iq̂j r̂k.
The resulting log-likelihood under the null is expressed as logL0. The log-
likelihood under the alternative hypothesis, logL1, is computed with (2) where
P̂i1i2j1j2k1k2 is calculated under the alternative hypothesis with haplotype fre-
quencies derived from the EM algorithm described in Appendix C. The likeli-
hood ratio is then calculated by

LR = −2(logL0 − logL1)

which is asymptotically χ2-distributed with m1m2m3 − m1 − m2 − m3 + 2
degrees of freedom.

We may also be interested in testing the significance of individual trigenic
linkage disequilibria with a null hypothesis generally expressed as

H0 : Dijk = 0 vs. H1 : Dijk 6= 0, for some i, j, k.

Once the digenic and trigenic linkage disequilibrium coefficients are computed,
the log-likelihood under the null again follows (2) where P̂i1i2j1j2k1k2 is calcu-
lated under the following constraints

p̂ijk = p̂iq̂j r̂k + (−1)i+jD̂ij + (−1)i+kD̂ik + (−1)j+kD̂jk

p̂i′j′k′ = 1−
∑

(i′′,j′′,k′′) 6=(i′j′k′)

p̂i′′j′′k′′ for any single choice of (i′, j′, k′) 6= (i, j, k)
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The second constraint forces the sum of the haplotype frequency estimates to
equal one. The log-likelihood under the alternative is computed the same as
above. The likelihood ratio statistic under this hypothesis is asymptotically
χ2-distributed with one degree of freedom.

Finally, we may be interested in testing where a given allele Ai0 at marker
A has significant overall disequilibria with all possible alleles at markers B
and C. This suggests the hypothesis test

H0 : Di0j = 0, Di0k = 0, and Di0jk = 0 for every j, k

vs.

H1 : At least one equality does not hold

The haplotype frequencies under the null hypothesis can be estimated under
the constraints

p̂i0jk = p̂i0 q̂j r̂k for every j, k

p̂i1j′k′ = 1−
∑

(i′′,j′′,k′′) 6=(i1j′k′)

p̂i′′j′′k′′ for any single choice of i1 6= i0, j
′, and k′.

The likelihood ratio statistic under this hypothesis is asymptotically χ 2-distributed
with m2m3 − 1 degrees of freedom.

WORKED EXAMPLE

A population genetic project was initiated at Nanjing Forestry University,
China, to explore the origin of Lycoris longituba and its evolutionary process.
L. longituba is a perennial, bulbiferous, herbaceous plant of the family Amaryl-
lidaceae. It is native to China, mainly distributed in the Langya Mountain of
Anhui province, and the Baohua Mountain and Xuyi city of Jiangsu province.
The three distribution areas are distant about 50 km from one another. L.
longituba has a rare biological characteristic to angiosperms, i.e., its vegetative
growth and reproduction are discrete. This species has also large, colorful,
and fragrant flowers, making it of high ornamental value. In addition to its
tremendous diversity in morphology and form, L. longituba can serve as ideal
material for plant genetic studies.

A sample of 32 plants were randomly selected from a natural population of
L. longituba, aimed to study the pattern of genetic diversity and evolutionary
process of this species. Microsatellites show extensive length polymorphisms,
in which one or a few nucleotide sequences repeat tandemly for varying times
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and also the mutation frequency increases with the length of repeating se-
quence. In this study, a panel of 16 microsatellites were typed from this sam-
ple, producing markers with varying numbers of alleles at a locus (He et al.
2009). The complete dataset is provided in Appendix B.

The new model was used to analyze the linkage disequilibria of all the
microsatellites genotyped. The three-locus model produces 480 combinations
for disequilibrium analysis, whereas the two-locus model produces only 40
pairs. For the three-locus analysis, markers were analyzed by considering all
possible alleles at each marker (the new model), and also by collapsing them
into “biallelic” markers. This collapsing was performed by selecting the most
frequent allele as the “first” allele and combining all other alleles into the
“second” allele. Among all possible 480 three-locus combinations, only one
consisted of markers 1, 3, and 17 has a significant disequilibrium based on the
new model. Table 1 summarizes the results for the disequilibrium analysis of
three microsatellite markers, 1, 3, and 17. These three markers have different
numbers of alleles, 4, 3, and 4, respectively. There are 3×2+3×2+3×3 = 21
digenic linkage disequilibria and 3×2×3 = 18 trigenic linkage disequilibria for
the three-multiallelic-locus model, whereas these numbers are three and one
for the two-“biallelic”-locus model. For a two-multiallelic-locus model, there
are 3 × 2 = 6 disequilibria for markers 1 and 3, 2 × 3 = 6 for markers 3 and
17, and 3× 3 for markers 1 and 17. The two-“biallelic” marker model did not
detect any significant linkage disequilibria between these three markers, but
highly significant or significant disequilibria were identified between each pair
of these markers by the model that considers all alleles at each marker (Table
1). Three-locus model increases the power of disequilibrium detection. An
overall linkage disequilibrium was detected to be significant (p = 0.0453) by the
three-“biallelic”-locus model and highly significant (p = 0.00018) by the three-
multiallelic-locus model. It is cautioned, however, that the 3-marker p-value
may not remain significant when accounting for the 480 3-way combinations
tested; an overly-conservative Bonferroni correction would yield an adjusted
p-value of .0864.
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Table 1: Tabulated p-values for Hardy-Weinberg Disequilibria and Linkage
Disequilibria with two- and three-marker analyses. The two-marker p-values
are provided and listed such that the top left value corresponds to a comparison
of M1 and M3, the bottom left value compares M3 with M17, and the right
value compares M1 with M17.

ID
# of
alleles

allele freq HWD
“biallelic”
2-marker

2-marker
“biallelic”
3-marker

3-marker

M1 4 (.33,.41,.20,.06) .4817
.5853 3×10−6

M3 3 (.47,.40,.13) .0024 .4644 .0200 .04528 .00018
.2247 .00798

M17 4 (.37,.27,.15,.22) .0256

COMPUTER SIMULATIONS

The performance and properties of the proposed method for linkage disequi-
librium estimation and testing with three multiallelic markers is evaluated
through simulation studies. Three markers with two, three, and four alle-
les and corresponding allele probabilities p = (.75, .25), q = (.3, .3, .4), and
r = (.5, .2, .1, .2) are used to simulate marker data with three sample sizes,
n = 30, 100, and 200. All simulations were repeated over 10,000 realizations
of randomly generated marker data.

In the first simulation, marker data under the null hypothesis of no linkage
disequilibrium (of any order) is generated. The average parameter estimates of
the allele frequencies and distinct disequilibrium coefficients with correspond-
ing standard errors are provided in Appendix A. All parameters estimates
appear unbiased with standard errors decreasing with the sample size.

Linkage disequialibria was tested with five different χ2 statistics. The first
statistic, T1, utilizes the complete data in a three multiallelic marker test.
The second statistic, T2, collapses the three multiallelic markers into biallelic
markers producing a biallelic test with three markers. This collapsing was per-
formed by selecting the most frequent allele as the “first” allele and combining
all other alleles into the “second” allele. The last three statistics, T3, T4 and
T5, considers each pair of the three markers and performs a multiallelic test
with two markers.
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Table 2: Measuring the type I error of test statistics T1 through T5 where
marker data was simulated under no LD. Tests with measurements close to
the threshold have correct level.

n = 30 T1 T2 T3 T4 T5

Pr[T < .05] .0664 .0859 .0783 .0651 .0944
Pr[T < .01] .0100 .0161 .0163 .0128 .0198

Pr[T < .001] .0008 .0015 .0016 .0011 .0018

n = 100 T1 T2 T3 T4 T5

Pr[T < .05] .1062 .0705 .0592 .0644 .0725
Pr[T < .01] .0215 .0154 .0122 .0122 .0172

Pr[T < .001] .0021 .0014 .0017 .0013 .0035

n = 200 T1 T2 T3 T4 T5

Pr[T < .05] .0883 .0565 .0524 .0565 .0617
Pr[T < .01] .0199 .0104 .0111 .0124 .0115

Pr[T < .001] .0029 .0009 .0012 .0012 .0012

Interestingly, the three multiallelic marker test statistics was closest to
the nominal level at the small sample size of n = 30, but this is arguably
an artifact of the particular choice of the allele frequency parameters. More
inflated values of the type I error are observed in the simulations with larger
n.

In the second simulation, marker data with linkage disequilibria is gen-
erated. The following are the linkage disequilibria coefficients used in the
simulation:

D111 D112 D113 D114 D121 D122 D123 D124 D131

.01 -.02 -.01 -.04 -.02 .03 0 0 .05

D132 D133 D211 D212 D213 D221 D222 D223

-.06 .01 0 .04 0 0 -.01 .01

The average parameter estimates of the allele frequencies and distinct dise-
quilibrium coefficients with corresponding standard errors are also provided in
Appendix A. Again, all parameters estimates appear unbiased with standard
errors decreasing with the sample size.

Linkage disequialibria was tested with the same five χ2 statistics as in the
first simulation. Here we observe the three multiallelic marker test statistic,
T1 to be considerably more powerful than the other tests.
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Table 3: Measuring the power of test statistics T1 through T5.
n = 30 T1 T2 T3 T4 T5

Pr[T < .05] .579 .290 .363 .272 .224
Pr[T < .01] .262 .103 .175 .107 .073

Pr[T < .001] .070 .016 .047 .028 .007

n = 100 T1 T2 T3 T4 T5

Pr[T < .05] 1.000 .743 .827 .705 .504
Pr[T < .01] .998 .513 .641 .474 .246

Pr[T < .001] .975 .239 .368 .214 .089
Pr[T < 10−6] .513 .015 .036 .011 .001

n = 200 T1 T2 T3 T4 T5

Pr[T < .05] 1.000 .978 .990 .958 .783
Pr[T < .01] 1.000 .909 .950 .866 .580

Pr[T < .001] 1.000 .688 .832 .665 .324
Pr[T < 10−6] .999 .140 .273 .122 .027

For this particular simulation, the second best test is T3, a test with two
multiallelic markers. However, since all three pairs would be computed, some
type of multiple testing correction should be invoked which would reduce the
power of the two multiallelic marker test for linkage disequilibrium.

It should be pointed out that the simulations of the type-I errors indicated
the test statistics had slightly varying nominal levels which can lead to more
substantial differences in power. In Table 3, we compare the type-II errors
across the different tests, but with the caveat that the tests varied in their
nominal level. Even knowing variation is present in the nominal levels, it
remains quite clear that T1 has the best performance.

DISCUSSION

The use of individual markers to test for the deviation of a population from
Hardy-Weinberg equilibrium has become a routine approach for the inference
of the structure and evolution of the population. Linkage disequilibrium (LD)
analysis based on multiple markers can provide additional information about
population structure by estimating the extent and distribution of nonrandom
associations throughout the genome (Stephens et al. 2001; Dawson et al. 2002;
Ardlie et al. 2002; Zaykin et al. 2008). For a random mating population, the LD
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between two markers decays with generation in a proportion depending on the
recombination fraction between the markers (Lynch and Walsh 1998). Thus,
by comparing the rate of LD decay over genetic distances, the evolutionary
history of a population can be inferred (Tishkoff et al. 1996; Dawson et al. 2002;
Gabriel et al. 2002). Also, the rate of the LD decay as a function of generation
has established a fundamental principle for the high-resolution mapping of
complex traits in a population (Rafalski and Morgante 2004).

The past several decades shows a tremendous interest in developing analyt-
ical methods for estimating and testing linkage disequilibria (Weir and Cock-
erham 1978; Weir and Ott 1996; Excoffier 1995; Li et al. 2007; Zaykin et al.
2008; Li et al. 2009; Dupuis et al. 2007; Georges 2007; Kurbasic and Hossjer
2008). Most of these methods deal with linkage disequilibria between two or
more markers each with two alternative alleles, and some of them are extended
to model linkage disequilibria between two markers with multiple alleles (≥ 3).
However, no method has been available yet to analyze linkage disequilibria of
different orders among three different markers. This article for the first time
presents a model for exploring the feasibility of linkage disequilibrium anal-
ysis with three multiallelic markers, and it provides a general methodology
to extend multiallelic LD estimation to an arbitrary number of loci. Simula-
tion studies showed that the new model has better power for disequilibrium
detection and better precision for disequilibrium estimation compared with
conventional two-marker analysis. We also found that linkage disequilibrium
analysis of multiallelic markers by collapsing multiple alleles into two differ-
ent categories may lose much information that is contained within multilocus
multiallelic marker data. The rapid convergence of the EM algorithm easily
allows hundreds of tests to be preformed within hours on an ordinary laptop.
The new model is validated by a small data set collected for a plant outcross-
ing species, leading to the detection of significant linkage disequilibria among
microsatellite markers.

With a considerable use of multiallelic markers, such as microsatellites,
in outcrossing populations, three marker multiallic analysis is crucial to the
accurate estimation and testing of linkage disequilibria. Recent development
of array biotechnologies has made it possible to produce a massive amount of
single nucleotide polymorphism (SNP) data, providing fuel for studying the
pattern of genetic variation in the genome. Although SNPs are biallelic, they
are often analyzed at the haplotype level. Haplotypes, i.e., combination of
alleles at different markers on the same chromosome, are thought to explain
genetic variation in complex traits and diseases (Liu et al. 2004; Wu et al.
2007; Rha et al. 2007). When multiple SNPs are modeled by haplotypes, hap-
lotypes will function as if they are different alleles. Thus, our model proposed
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will find immediate application in studying the pattern of genetic structure
and diversity in a natural population with increasing available SNP data.

APPENDIX A – Supplementary Tables from Simulation

Below are the average parameter estimates and standard errors of the allele
frequencies and distinct disequilibrium coefficients under the null of no link-
age disequilibrium. These estimates were computed with the EM algorithm
provided in Section 2 of the main article.

Table 4: Allele frequency estimates and standard errors under equilibrium

n = 30 p1 p2 q1 q2 q3 r1 r2 r3 r4

true value .75 .25 .3 .3 .4 .5 .2 .1 .2
avg estimate .749 .251 .301 .300 .399 .500 .200 .100 .200

std err .056 .056 .060 .060 .064 .064 .052 .039 .052

n = 100 p1 p2 q1 q2 q3 r1 r2 r3 r4

true value .75 .25 .3 .3 .4 .5 .2 .1 .2
avg estimate .750 .250 .300 .300 .400 .500 .200 .100 .200

std err .030 .030 .032 .032 .035 .035 .028 .021 .028

n = 200 p1 p2 q1 q2 q3 r1 r2 r3 r4

true value .75 .25 .3 .3 .4 .5 .2 .1 .2
avg estimate .750 .250 .300 .300 .400 .500 .200 .100 .200

std err .022 .022 .023 .023 .025 .025 .020 .015 .020
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Table 5: Disequilibrium coefficient estimates and standard errors under equi-
librium

n = 30 D111 D112 D113 D114 D121 D122 D123 D124 D131

true value 0 0 0 0 0 0 0 0 0
avg estimate .003 -.001 -.001 -.001 .001 -.001 -.001 -.001 .003

std err .049 .034 .023 .035 .049 .034 .023 .034 .054

D132 D133 D211 D212 D213 D221 D222 D223

true value 0 0 0 0 0 0 0 0
avg estimate .000 -.001 -.002 .001 .001 -.002 .001 .001

std err .038 .026 .034 .021 .015 .033 .022 .015

n = 100 D111 D112 D113 D114 D121 D122 D123 D124 D131

true value 0 0 0 0 0 0 0 0 0
avg estimate .001 .000 -.001 .000 .001 .000 -.001 .000 -.001

std err .027 .020 .015 .020 .027 .020 .015 .020 .029

D132 D133 D211 D212 D213 D221 D222 D223

true value 0 0 0 0 0 0 0 0
avg estimate .000 .000 .000 .000 .000 -.001 .000 .000

std err .022 .016 .021 .014 .009 .021 .014 .009

n = 200 D111 D112 D113 D114 D121 D122 D123 D124 D131

true value 0 0 0 0 0 0 0 0 0
avg estimate .000 .000 .000 .000 .000 .000 .000 .000 .000

std err .019 .014 .011 .014 .018 .014 .010 .016 .019

D132 D133 D211 D212 D213 D221 D222 D223

true value 0 0 0 0 0 0 0 0
avg estimate .000 .000 .000 .000 .000 .000 .000 .000

std err .015 .011 .015 .011 .007 .014 .010 .007
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lele frequencies and distinct disequilibrium coefficients simulated under the
alternative hypothesis of linkage disequilibrium.

Table 6: Allele frequency estimates and standard errors under disequilibrium

n = 30 p1 p2 q1 q2 q3 r1 r2 r3 r4

true value .75 .25 .3 .3 .4 .5 .2 .1 .2
avg estimate .748 .252 .299 .300 .401 .498 .202 .100 .199

std err .057 .057 .059 .058 .062 .066 .052 .039 .053

n = 100 p1 p2 q1 q2 q3 r1 r2 r3 r4

true value .75 .25 .3 .3 .4 .5 .2 .1 .2
avg estimate .752 .248 .298 .302 .400 .500 .200 .101 .200

std err .030 .030 .032 .032 .031 .035 .035 .036 .027

n = 200 p1 p2 q1 q2 q3 r1 r2 r3 r4

true value .75 .25 .3 .3 .4 .5 .2 .1 .2
avg estimate .750 .250 .300 .300 .400 .501 .199 .100 .200

std err .022 .022 .023 .023 .024 .025 .020 .015 .020

Table 7: Disequilibrium coefficient estimates and standard errors under dise-
quilibrium

n = 30 D111 D112 D113 D114 D121 D122 D123 D124 D131

true value .01 -.02 -.01 -.04 -.02 .03 0 0 .05
avg estimate .010 -.021 -.010 -.034 -.016 .027 .001 -.004 .050

std err .044 .026 .018 .023 .046 .033 .024 .031 .050

D132 D133 D211 D212 D213 D221 D222 D223

true value -.06 -.01 0 .04 0 0 -.01 .01
avg estimate -.054 .007 -.001 .040 .002 -.005 -.005 .008

std err .024 .026 .032 .034 .016 .028 .020 .018

Below are the average parameter estimates and standard errors of the al-
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n = 100 D111 D112 D113 D114 D121 D122 D123 D124 D131

true value .01 -.02 -.01 -.04 -.02 .03 0 0 .05
avg estimate .010 -.020 -.010 -.039 -.020 .030 .000 .000 .050

std err .020 .013 .011 .011 .022 .016 .014 .016 .023

D132 D133 D211 D212 D213 D221 D222 D223

true value -.06 -.01 0 .04 0 0 -.01 .01
avg estimate -.059 .010 .001 .040 .000 .000 -.009 .009

std err .009 .014 .018 .018 .008 .015 .010 .011

n = 200 D111 D112 D113 D114 D121 D122 D123 D124 D131

true value .01 -.02 -.01 -.04 -.02 .03 0 0 .05
avg estimate .009 -.020 -.010 -.040 -.019 .029 .000 .000 .050

std err .014 .009 .007 .008 .015 .011 .009 .011 .016

D132 D133 D211 D212 D213 D221 D222 D223

true value -.06 -.01 0 .04 0 0 -.01 .01
avg estimate -.060 .010 .001 .040 .000 .000 -.010 .010

std err .006 .010 .012 .012 .006 .010 .007 .008
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APPENDIX B - Lycoris longituba Microsatellite Data

Table 8: Microsatellite data for Lycoris longituba used in the worked example.

M1 M2 M3 M4 M5 M6 M7 M8 M9 M10M11M12M13M14M15M16M17M18

1 BC BB .. .. .. CC AA CC BB AA BB .. CC .. .. CD .. AA
2 CC AB BC .. AA CC BD .. .. BC AA AA AB BD BB .. BC AC
3 BC .. BB .. BC CC AA BB .. AA BB .. BC CC BC AD DD BC
4 BC BB BB BB AA BC AA AA CC AA AB BB CC BC BB BC CC CC
5 BC BB CC AC AB BC BB BB BB BB AB CC BC CC .. CC AD CC
6 BB AB BB BB AB CC BB CC CC CC BB BC BC CD AA BC AA AA
7 BD BB BC AC BC CC BC DD BB BC AC BC BC CC .. BC CC AA
8 AB AB BB AC BB BC BB BB CC BB BB BC CC CC BC BC .. AA
9 AA AB BB AC BB BC BB AA BC AA AB AC BC CC BB AD AD AA
10 BB AB AB BD AB CC AC BC BB BB CC CC CC CC CC BC AD CC
11 AA BB AA CC BC BC AB BD BB AA AA AC BB CC .. BC AB CC
12 AB AA BB AC AB CC BC AA AB BB AB BC BC CC CC BC DD AC
13 AB AB AB AC AB BC BC BB .. BB AB CC .. CC CC CC AD ..
14 AA BB AA DD AC BC BB AC BB AA AB CC BB BC BB AA BC AC
15 AA AB AA .. AB BB BB DD BB BB BB CC BB AC AB AD BB AA
16 AB BB AA CD AA BC .. CC BB BB .. CC BB CC .. AC AB AB
17 AB BB AA AC BB .. BB AC BC BB AB CC BC CC BB AC AB AA
18 AC AB AB AC CC BB BC DD CC AC BB BC .. CC AB BC CD ..
19 AA AB AA AC BB BC AA BC BC BB CC CC CC CC AB BC AC AC
20 BB BB AA AC AB BC BB BB AC BC BB .. BB CC .. BC AA AC
21 BB AB AA AC AC AB BB CC BC AC BB BC AB CD AB .. BB AB
22 BB BB AA BC AC BC BB AA BC BB AA BC BC CC AA BC AA AB
23 AD AB AC BC BC BB AD CC CC BB AB BC BC BC BB BC BC BB
24 AB AB AA AB AA BB AA AA BC BC CC CC BC CC BB AC AB AA
25 AD BB AC AB BB BB AD CC AC AB BB BB CC CC BC AD AB ..
26 AC BB AC BB BB BB AC DD BC BB BB BC BB CC AB AA AD AA
27 BC AB .. CC BB AB BB AC BC BB .. BC CC CC AB BC AD AA
28 BC BB BB CD AA AB BB AA CC BC BB BC CC CC AB BC AD AB
29 AB AB AA BC BB AB AA BB BB BB AA CC CC CC BC AD AB AB
30 CC BB BB BC AA AB BB AA CC BB BB CC BB CC BC .. BB AA
31 BC BB BB .. BB BB BB BB CC .. BB BC CC CC BC BC AD AC
32 BD .. BC BC AA BB BD AB BB .. AA CC .. CC BB AD AB AA
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APPENDIX C – Trigenic Disequilibrium Estimation Details

The general haplotype model for the m 1m 2m 3haplotypes is re-written as

pijk = piqjrk + D̃ijk (3)

(for i = 1, . . . ,m1; j = 1, . . . ,m2; k = 1, . . . ,m3) where D̃ijk is a reparam-
eterization of the digenic and trigenic LD coefficients. In order to reduce
the linkage disequlibrium model to an identifiable model, the reparameter-
ized trigenic linkage disequilibrium coefficients, D̃ijk, are defined in terms of
the variables Dijk. Specifically, we define D̃ijk as a function of Dijk with the
following recursive expression.

D̃ijk =



Dijk, (i, j, k) ∈ S

−
∑

j′+k′<m2+m3

D̃ij′k′ , i < m1 & j = m2 & k = m3

−
∑

i′+k′<m1+m3

D̃i′jk′ , i = m1 & j < m2 & k = m3

−
∑

i′+j′<m1+m2

D̃i′j′k, i = m1 & j = m2 & k < m3

−
∑

(i′,j′,k′) 6=(m1,m2,m3)

D̃i′j′k′ , i = m1 & j = m2 & k = m3.

(4)

where S is the triple of indices where at most one index meets its maximum,
i.e.

S :={(i, j, k) ∈ Z3
+|(i < m1 & j < m2) or

(i < m1 & k < m3) or (j < m2 & k < m3)}.

The motivation for the above parameterization is presented. The recursion
relations can be inferred from properties such as the following

pi =
∑
j,k

pi,j,k =
∑
j,k

piqjrk +
∑
j,k

D̃ijk = pi +
∑
j,k

D̃ijk
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which leads to the recursion found in the second case, i.e. D̃im2m3 for i < m1.
The number of distinct trigenic disequilibrium coefficients equals the car-

dinality of S which can be calculated as

|S| = (m1 − 1)(m2 − 1)(m3 − 1)

+ (m1 − 1)(m2 − 1) + (m2 − 1)(m3 − 1) + (m1 − 1)(m3 − 1)

= m1m2m3 −m1 −m2 −m3 + 2

where the first summand of |S| comes from the number of distinct tuples with
indices all smaller than their maximum and the other summands come from
tuples where exactly one index is at its maximum. An alternative calculation
notes that the m1m2m3 − 1 degrees of freedom are taken up by (m1 − 1) +
(m2 − 1) + (m3 − 1) allele probabilities for the three markers (the number of
independent p’s, q’s, and r’s) and by the distinct disequilibrium parameters,
again giving the number of distinct coefficients to be

m1m2m3 − 1︸ ︷︷ ︸
degrees of freedom

− ((m1 − 1) + (m2 − 1) + (m3 − 1))︸ ︷︷ ︸
number of independent p’s, q’s, and r’s

= m1m2m3 −m1 −m2 −m3 + 2︸ ︷︷ ︸
number of distinct D’s

.

The EM algorithm is utilized to derive the maximum likelihood estimates
(MLEs) of the haplotype frequencies as follows:

Step I. Start with an initial estimate of pijk; for instance, p̂ijk = 1
m1m2m3

for
all i, j, and k.
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Step II. Compute φ̂(i, j, k) = φ̂i1i2j1j2k1k2(i, j, k) where φ̂(i, j, k) =

2P̂i1i2j1j2k1k2 i1 = i2 = i & j1 = j2 = j & k1 = k2 = k

P̂i1i2j1j2k1k2

(
exactly two are true: i1 = i2, j1 = j2, k1 = k2

)
&

(i1 = i or i2 = i) & (j1 = j or j2 = j) & (k1 = k or k2 = k)

p̂ij1k1
p̂ij2k2

i1 = i2 = i & j1 6= j2 & k1 6= k2 &(
(j1 = j & k1 = k) or (j2 = j & k2 = k)

)
p̂ij1k2 p̂ij2k1

i1 = i2 = i & j1 6= j2 & k1 6= k2 &(
(j1 = j & k2 = k) or (j2 = j & k1 = k)

)
p̂i1jk1

p̂i2jk2

i1 6= i2 & j1 = j2 = j & k1 6= k2 &(
(i1 = i & k1 = k) or (i2 = i & k2 = k)

)
p̂i1jk2

p̂i2jk1

i1 6= i2 & j1 = j2 = j & k1 6= k2 &(
(i1 = i & k2 = k) or (i2 = i & k1 = k)

)
p̂i1j1kp̂i2j2k

i1 6= i2 & j1 6= j2 & k1 = k2 = k &(
(i1 = i & j1 = j) or (i2 = i & j2 = j)

)
p̂i1j1kp̂i2j1k

i1 6= i2 & j1 6= j2 & k1 = k2 = k &(
(i1 = i & j2 = j) or (i2 = i & j1 = j)

)
p̂i1j1k1 p̂i2j2k2

i1 6= i2 & j1 6= j2 & k1 6= k2 &(
(i1 = i & j1 = j & k1 = k) or (i2 = i & j2 = j & k2 = k)

)
p̂i1j1k2

p̂i2j2k1

i1 6= i2 & j1 6= j2 & k1 6= k2 &(
(i1 = i & j1 = j & k2 = k) or (i2 = i & j2 = j & k1 = k)

)
p̂i1j2k1

p̂i2j1k2

i1 6= i2 & j1 6= j2 & k1 6= k2 &(
(i1 = i & j2 = j & k1 = k) or (i2 = i & j1 = j & k2 = k)

)
p̂i1j2k2

p̂i2j1k1

i1 6= i2 & j1 6= j2 & k1 6= k2 &(
(i1 = i & j2 = j & k2 = k) or (i2 = i & j1 = j & k1 = k)

)
0 otherwise

where P̂i1i2j1j2k1k2
be the fraction of observed multilocus genotypes of type i1i2j1j2k1k2.

Step III. Update p̂ijk from the equation

p̂ijk =
1

2n

∑ φ̂(i, j, k)

P̂i1i2j1j2k1k2

ni1i2j1j2k1k2

where the sum is over all valid genotypes i1i2j1j2k1k2 and n is the number of indi-
viduals.

Step IV. Repeat steps II and III until the parameters have converged.

Convergence of the EM algorithm above leads to estimates of the haplo-
type probabilities. In order to estimate the linkage disequilibria coefficients,
estimates of the allele frequencies are needed. The allele frequencies can then
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be estimated by

p̂i =
1

2n
nii···· +

m1∑
i1=1

m1∑
i2=i1

1(i1=i or i2=i)ni1i2····

)

q̂j =
1

2n
n··jj·· +

m2∑
j1=1

m2∑
j2=j1

1(j1=j or j2=j)n··j1j2··

)

r̂k =
1

2n
n····kk +

m3∑
k1=1

m3∑
k2=k1

1(k1=k or k2=k)n····k1k2

) (5)

where the usual dot notation represents the sum over the given variable; e.g.
ni1i2···· is the sum over j1, j2, k1, and k2. Therefore estimates of the linkage
disequilibrium coefficients can be estimated as

Dijk = p̂ijk − p̂iq̂j r̂k.̂̃
In the case of two multiallelic markers, the haplotype model, similar to (3) is
given by pij = piqj +Dij where Dij is the two-locus linkage disequilibrium that
can be estimated through similar means as in Kalinowski and Hedrick (2001).
With estimates of the digenic linkage disequilibria, D̂ij, the estimates of the

trigenic linkage disequilibrium coefficients, D̂ijk, are then easily computed from
(3) as

D̂ijk = (−1)i+j+k ̂̃Dijk + (−1)k+1D̂ij + (−1)j+1D̂ik + (−1)i+1D̂jk.
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