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SUMMARY

It is well known that the presence or absence of effect-measure modification depends upon the chosen
measure. What is perhaps more disconcerting is that a positive change in one measure may be accompanied
by a negative change in another. Therefore, research demonstrating that an effect is ‘stronger’ in one
population when compared with another, but based on only one measure, for example, the odds ratio,
may be difficult to interpret for researchers interested in another measure. The present article investigates
relationships among changes in the relative risk, odds ratio, and risk difference from one stratum to
another. Monte Carlo integration shows that the three measures change in the same direction for 78 or
89 per cent of the volume of the geometric space defined by the four underlying proportions, depending
on whether the strata are presumed to share the same direction of effect or not. Analytic results are
presented concerning necessary and sufficient conditions for the measures to change in opposite directions.
In general, the conditions are seen to be quite complicated, though they do give way to some interesting
results. For example, when exposure increases risk but all risks are less than 0.5, it is impossible for the
relative risk and risk difference to change in the same direction but opposite to that of the odds ratio.
Both data-analytic and hypothetical examples are presented to demonstrate circumstances under which
the measures change in opposite directions. Copyright © 2008 John Wiley & Sons, Ltd.
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INTRODUCTION

It is well known that the presence of effect-measure modification, also known as heterogeneity of
effect, depends upon the chosen measure [1, 2]. Rothman and Greenland [1] present a hypothetical
example in which males possess risks of 0.5 and 0.2, whereas the risks for females are 0.1 and 0.04;
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the risk difference is much greater for males, but the risk ratio remains the same. The definition of
interaction in statistics is logically equivalent to effect-measure modification [1]. In epidemiology,
interaction often refers to biological interaction or synergism, a concept distinct from statistical
interaction [1, 3—6]. However, in some contexts, sufficient conditions for the presence of synergism
are closely related to effect modification of the risk difference [7, 8].

Rothman and Greenland [1] prove the following three facts about effect-measure modification,
assuming that both stratum and exposure have non-zero effects: (a) when there is additivity on the
risk scale, there has to be modification of the risk ratio; (b) when there is additivity on the log-risk
scale, there must be statistical interaction on the risk scale (modification of the risk difference);
and (c) when there is no multiplicative interaction on the odds scale, there must be modification
of the risk ratio and risk difference. Morabia et al. [9], using simulations, present somewhat
general conditions for heterogeneity of the odds ratio without heterogeneity of the relative risks.
Furthermore, Rothman and Greenland [1] note that the magnitude of statistical interaction is
‘entirely determined by the scale chosen for measuring additivity of effects.” However, our literature
search has identified almost no discussion pertaining to the relationship between the direction
of statistical interaction and the scale chosen for measurement. The present article investigates
conditions under which the odds ratio, relative risk, and risk difference can change in opposite
directions from one pair of risks to the next. This phenomenon is illustrated in a textbook exercise
by Agresti [10], who presents data from a cohort study of non-smokers and smokers [11], in which
the proportions per year of those who died from lung cancer were 0.0001 and 0.0014 and from
coronary heart disease were 0.00413 and 0.00669; the relative risk and odds ratio decrease but the
risk difference increases. Although this is not an example of effect-measure modification per se
because the outcome under consideration changes rather than the subpopulation, there are analogous
implications for effect-measure modification. That is, instead of, ‘for which disease is the effect
of smoking ‘stronger’?’ the question becomes, ‘for which subpopulation is the effect of smoking
‘stronger’?” when set in terms of the same four risks but corresponding to two subpopulations and
one disease rather than to two diseases and one population.

Much research having to do with epidemiological effects and thus with effect-measure modifi-
cation is presented in terms of just one of the three measures. The odds ratio is ‘probably the most
widely used measure of 2 x 2 association in epidemiology’ [12], due largely to the role of logistic
regression as the ‘workhorse of contemporary epidemiology’ [13], despite many authors [14—20]
having emphasized methods for estimating risk ratios and differences from logistic and other
models in studies of common outcomes and in case—control studies. It has been argued that odds
ratios are useful estimates of exposure effects only when they serve as estimates of a cumulative-
incidence ratio [1,21] or of an incidence-density ratio (under incidence-density sampling), which
does not require rarity of disease [1,22]. Others [23, 24] have protested the use of prevalence odds
ratios in place of prevalence rate ratios for summarizing cross-sectional studies, although not all
would agree [25]. The relative risk will be of more interest to investigators interested in the excess
or attributable fraction [1], although much caution is required in interpreting this measure causally
[26-28]. Similarly, interpretation of the reciprocal of the risk difference as the number needed to
treat to benefit (or harm) one patient [29, 30] requires strong assumptions that are seldom plausible
[31,32].

When a research team selects just one of the three measures for dissemination of results, whether
based on scientific rationale or convenience, other investigators may wish for an interpretation in
terms of an alternative measure. For example, suppose a study in one population produced an odds
ratio of 2 and another study in a different population produced an odds ratio of 3. When can we
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conclude that the effect in the second population is stronger when measured by the relative risk
or risk difference? Questions like this one motivated us to delineate conditions under which the
three measures can and cannot change in opposite directions, the primary objective of this article.
A secondary objective is to emphasize the importance of presenting results more thoroughly than
is typical, so that the reader can, at least, construct estimates of his or her measure of choice.
For example, when presenting results of a logistic regression, it is relatively common for authors
to exclude the intercept and exponentiate the remaining coefficients. But without the intercept,
readers cannot possibly use the results to construct estimated risks, and hence relative risks (unless
the outcome is rare) or risk differences.

THREE MEASURES OF EFFECT MODIFICATION

Let p; and p; denote the unexposed and exposed risks in stratum 1, and let p3 and ps denote
the same in stratum 2. If p; = p> or p3 = p4, changes from stratum 1 to stratum 2 in the relative
risk, odds ratio, and risk difference are all in the same direction. Furthermore, when p,> p; but
pa<p3 (or when pr<p; but ps>p3), all three measures decrease (or increase) together between
strata, because within a given stratum, the relative risk and odds ratio will always be on the
same side of one and the risk difference will be on the corresponding side of zero. The contexts
in which py<p, and p3<ps are analogous to those in which p>>p; and ps>p3 (one need
only to recode the exposure or outcome). Therefore, except where specifically mentioned, the
investigation to follow will presume that exposure increases risk within both strata, so that an
increase in a given measure corresponds to a ‘stronger’ effect. In that context, three useful measures
of effect modification are the ratio of relative risks, k= p4p1,/(p3p2), the ratio of odds ratios,
q=k(1—p3)(1—=p2)/((1—=ps)(1— p1)), and the ratio of risk differences, m = (ps— p3)/(p2 — p1);
all ratios represent the effect in stratum 2 divided by the effect in stratum 1. In more general
contexts, m is ill-defined, and s = (ps — p3) — (p2 — p1) will take its place. To simplify exposition,
the presentation to follow will presume that all four risks are strictly between zero and one.

Definition of disagreement

When exposure does not necessarily increase risk within both strata, disagreement of &, g, and
s will mean that two of k—1, g —1, and s are on opposite sides of zero. When exposure does
increase risk within both strata, disagreement will mean that two of k, g, and m are all on opposite
sides of one (and in this context k or g will disagree with m exactly when either disagrees with s.)
Agreement will refer to the opposite of disagreement; note that this includes situations in which
one measure remains constant while the other changes. Although the relative risk, odds ratio,
and risk difference always agree with one another qualitatively, the examples given previously
illustrate that k, g, and s or m, which contrast the three effect measures across strata, need not
agree. However, in all contexts, when p; = p3 or p»=pa4, k,q, and s will agree.

Monte Carlo study

It is an interesting yet impossible exercise to visualize the four-dimensional hypercube, representing
the space of possible settings for the four risks, in order to gain intuition about the subspace
corresponding to the agreement of k, g, and 5. One can, however, use Monte Carlo integration to
better understand the size of that subspace and of other important components of the hypercube.

Copyright © 2008 John Wiley & Sons, Ltd. Statist. Med. 2008; 27:3453-3465
DOI: 10.1002/sim

85U8017 SUOWIWIOD SA eSO 8|edldde au) Aq peueA0B 8.2 91 VO ‘88N JO S8INJ 10} AIeIg1T BUIIUO AS|IA LD (SUONIPUOD-PUE-SLLBIAD A3 1M Aleq 1 Ul juo//:Sdny) SUONIPUOD pue swie | 8y} 88S " [1202/.0/.T] uo Ariqiauliuo Ao |Im ‘AIsBAIIN 1S elLeAASuled AQ 92€ WIS/200T OT/I0p/LI0d A8 | Aseiq1jpuluoy/sdiy woy pspeojumod ‘8T ‘8002 '8520260T



3456 B. BRUMBACK AND A. BERG

The authors generated 500 000 independent sets of four independent uniform [0,1] proportions
using the statistical programming language and environment R [33]. The subspace of agreement
occupies 89.0 per cent of the hypercube. When considering only pairs of measures, k and ¢, as
well as k and s, agree on 91.7 per cent, whereas g and s agree on 94.7 per cent.

Twenty-five per cent of the hypercube represents the component on which exposure increases risk
within both strata; the subspace of agreement overlaps with 77.9 per cent of this component. The
measures k and g agree on 83.2 per cent, k and m on 83.3 per cent, and ¢ and m on 89.4 per cent.

Much of epidemiology is focused on rare diseases for which all four risks are less than 0.10 [14].
To study this setting, 500 000 sets of uniformly distributed proportions were generated as before
but restricted to [0,0.10]. This subcube represents 0.01 per cent of the original hypercube, of which
25 per cent corresponds to increased risk of exposure within both strata. Of that 0.0025 per cent,
the subspace of agreement overlaps with 83.3 per cent. The measures k and g agree on 99.5
per cent, k and m (s) on 83.3 per cent, and the odds ratio and risk difference on 83.7 per cent. When
disease is rare but exposure does not necessarily increase risk within both strata, the subspace of
agreement overlaps with 91.7 per cent; the measures k and g agree on 99.8 per cent, k and m (s)
on 91.7 per cent; and the odds ratio and risk difference on 91.9 per cent.

The above results are reassuring in that disagreement occurs for only 22 per cent, or fewer, of the
possible combinations of risks, depending on the component of interest within the hypercube and
on the pairing or tripling of measures of effect modification. The next focus of the investigation is
on conditions necessary and/or sufficient for disagreement or agreement, assuming that exposure
increases risk within both strata. Each pair of measures is first considered separately.

RELATIVE RISK AND ODDS RATIO

Greenland [21] showed that for a rare disease (all risks less than 0.10), if the odds never exceed x
in a stratum, the odds ratio will equal the relative risk multiplied by a bias factor falling between
I —x and 14 x. The following presentation focuses on common outcomes as well as rare diseases.
Let po=rp1 and p3=up;. Then ps=krup;. Algebra leads to the relation

k(1 +rup} = +u) p1) =q(1+krup} — (kru+1)p1) M

Suppose k>1; the goal is then to find conditions under which g <1. From equation (1), g <1 exactly
when

p1>k—1/rk+k(l1—=r)u—1) and rk+k(1—r)u—1>0 2)

These conditions, together with constraints on r, u#, and k needed for the four risks to be between
zero and one, are necessary and sufficient for the relative risk to increase but the odds ratio to
decrease. It is not necessary to consider the opposite scenario in which the relative risk decreases
while the odds ratio increases, because one can just relabel the two strata.

A necessary condition for disagreement
The conditions in equation (2) are quite complicated, but they imply that a necessary condition
for g<1 is p1>(k—1)/rk (because O<rk+k(1—r)u—1<rk). Because pp=rpji, an equivalent
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condition is pr>(k—1)/k. Therefore, a necessary condition for k>1 and g<1 is that one of
the four risks must exceed (k—1)/k. For rare diseases, all risks are less than 0.10, which means
that if the odds ratio decreases (q<1), the relative risk cannot increase by a factor greater than
k= % =1.11. For more common outcomes, when the odds ratio decreases, the relative risk cannot
double unless one of the four risks exceeds 0.5.

RELATIVE RISK AND RISK DIFFERENCE

Algebra shows that u =m(r — 1) /(kr — 1) and, thus, p3=pym@r —1)/(kr —1) and ps=pm(r—1)
kr/(kr —1). Suppose k>1; the goal is to find conditions under which m<1. Necessary and
sufficient conditions are obtained directly from the constraints on the four risks to be between zero
and one. These constraints are pir<1 and pym(r — 1)kr/(kr —1)<1 (recall that »>1 because the
exposure is presumed to increase risk within both strata). Several values of k>1 and m<1 can
be found which satisfy these constraints; hence, one need only to choose p; small enough and
practically any combination of k>1 and m <1 can occur. Furthermore, when m is small, p; need
not be.

Some necessary conditions for disagreement

Again, the necessary and sufficient conditions are quite complicated, but simpler necessary condi-
tions emerge. Supposing k>1, then both p3<mp| and ps<mpy are necessary regardless of m<1
or m>1 (because (r —1)/(kr —1)<1 and (r —1)kr/(kr —1)<r). To put this in context, suppose
that the relative risk increases; then in order for the risk difference to halve, p3 must be less than
half of p; and ps must be less than half of p;.

On the other hand, suppose m<1, then both p3<p1/k and pa<p; are necessary for k>1. Thus,
if the risk difference decreases, then in order for the relative risk to double, p3 must be less than
half of p; and ps4 must be less than p;.

ODDS RATIO AND RISK DIFFERENCE

Let t=p2(1—p1)/(p1(1—p2)) be the odds ratio in stratum 1. Then algebra establishes
that pr—p1=(p1—pH(t—1)/(1+(—1)p1) and ps—p3=(p3—p3)(tg—1)/(1+(tqg—1)p3).
Suppose g>1. Then necessary and sufficient conditions for m<1 are obtained by substituting
the preceding expressions (in terms of ¢, g, p1, and p3) into pr» — p1<p4— p3, together with the
conditions on ¢ and ¢ that they be small enough for all four risks to be less than one.

Some necessary conditions for disagreement

Because a,b,c,d>0; c>a; and a/(1+b)>c/(1+d) imply that ad>bc, algebra establishes that
the complicated necessary and sufficient conditions for g>1 and m <1 cannot hold whenever both
p1>p3 and p3— p§>p1 - p%. Therefore, when g>1, a necessary condition for m<1 is that either
p3>piorp— p%>p3 - pg. It also follows that 0.5< p3 < pj renders m<1 and g >1 impossible (but
m>1 and g <1 remain possible), whereas similarly 0.5<p;<p3 renders m>1 and g <1 impossible
(but m<1 and ¢g>1 remain possible). The breadth of these conditions may help to explain one
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result of the simulation study, which showed that the odds ratio and risk difference tend to change
together more often than the other two pairs.

A sufficient condition for agreement

Supposing again that g> 1, it follows by algebra (by rewriting p; — pi2 as p;(1— p;), and noting that
both p;>p3 implies 1 — p;<1— p3 and O<a<b implies a/(1+a)<b/(1+b)) from the necessary
and sufficient conditions for m>1 (simply reverse the above necessary and sufficient conditions
for m<1) that p3(tq—1)/(t —1)>p1> p3 implies m>1. Thus, when q>1, a sufficient condition for
m>1is that p3(tq —1)/(t —1)>= p1> p3. To put this in context, if the odds ratio doubles (¢ =2) and
the odds ratio in stratum 1 is t=1+¢, then p3 (2e+1)/e>p1> p3 ensures that the risk difference
increases, i.e. if €=0.5, then 4p3>p> p3 ensures agreement.

ALL THREE MEASURES

Necessary and sufficient conditions for agreement of all three measures are so complicated that they
are not reported here. However, the following results are intriguing. Suppose g>1. It was shown
that 0.5<p3<p; renders m<1 impossible; thus, when all four risks are greater than 0.5, m<1
requires p3> pi. Furthermore, when m<1, k>1 was shown to imply p3<pi/k, and thus p3<p;.
Hence, it is impossible that g>1, m<1, and k>1. Reversing strata shows that it is impossible
that g<1, m>1, and k<I1. Although the above proofs were given for the case when exposure
increases risk, relabeling yields the same result when exposure decreases risk. Thus, when all risks
are greater than 0.5, it is impossible for the relative risk and odds ratio to change in the same
direction but in a direction opposite to that of the risk difference.

Appendix A furthermore shows that when all risks are less than 0.5, it is impossible for the
relative risk and risk difference to change in the same direction but in a direction opposite to
that of the odds ratio. In fact, as shown in Appendix A, all that is really needed for this result is
p1+psa<lor po+p3<l.

HYPOTHETICAL EXAMPLES OF DISAGREEMENT
Table I illustrates several examples of disagreement by presenting various settings of the four risks

together with k (ratio of relative risks), ¢ (ratio of odds ratios), and m (ratio of risk differences).
In order for k>1 and g <1 for a rare disease, the risks need to be displayed with more precision.

Table 1. Hypothetical examples of disagreement.

P1 P2 3 P4 k q m

0.6 0.8 0.33 0.5 1.14 0.76 0.85
0.6 0.8 0.79 0.95 0.90 1.89 0.80
0.0157 0.0963 0.0020 0.0128 1.04 0.97 0.13
0.06 0.19 0.01 0.11 3.47 3.33 0.77
0.03 0.26 0.28 0.77 0.32 0.76 2.13
Copyright © 2008 John Wiley & Sons, Ltd. Statist. Med. 2008; 27:3453-3465
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A DATA-ANALYTIC EXAMPLE OF DISAGREEMENT

Ford et al. [34] used logistic regression to analyze data from the 1996 Behavioral Risk Factor
Surveillance System (BRFSS) survey in order to examine the relationship between physical
health-related quality of life (QOL) and body mass index (BMI). A tangible example of disagree-
ment of k,qg, and m is obtained by analyzing data from the 2005 BRFSS in an analogous
manner. Details of BRFSS survey methodology are presented in [35,36] and can also be found
at http://www.cdc.gov/brfss/. Records were available on 356 112 United States residents, of which
265 703 contained complete information on key variables, including income.

Ford et al. [34] reported on the relationship between QOL and BMI in terms of odds ratios,
which were furthermore adjusted to control for confounding. Separate odds ratios were presented
for males and females because effect-measure modification was uncovered. Judging by the adjusted
odds ratios, the effect of high BMI on poor QOL is ‘stronger’ for women than for men, all else
being equal. The comparison might lead one to conclude that women are more in need of an
intervention. But what if the relative risk or risk difference were to indicate that the effect of high
BMI on poor QOL was in fact ‘stronger’ for men? For the following discussion we will pretend
that we can interpret the effect measures causally; after all, intervention trials are often justified
using results of observational studies. If one had to choose between intervening on a relatively
homogeneous (e.g. each member sharing approximately the same risk) group of women or of
men, the goal of reducing each participant’s risk of poor QOL could lead to a choice based on the
relative risk; e.g. a relative risk of 2 for women but of 1.5 for men would indicate that the risk for
women would be halved by the intervention, whereas that for men would be reduced only by a
third. However, the goal of maximizing the net benefit by either intervening on 100 women or 100
men could lead to a choice based on the risk difference. A risk difference of 0.05 for women but
0.1 for men corresponds to a net benefit of 10 men versus 5 women helped by the intervention.
This particular conflict of goals and choices arises exactly when the risks for men are equal to
p1=0.2 and pr=0.3 and the risks for women are equal to p3=0.05 and ps=0.1.

Because the results of Ford ef al. [34] are presented strictly in terms of odds ratios, we will
use our analysis of the 2005 BRFSS data to study the problem further. We will let risks p; and
p2 represent the probability of reporting more than five physically unhealthy days during the
past 30, for not obese and obese (BMI>30) people in a relatively homogeneous group of men
(subpopulation one). The risks p3 and p4 represent the same for a relatively homogeneous group
of women (subpopulation two). We will estimate these risks using a logistic regression model
together with the coefficient estimates presented in Table II. SAS Proc Surveylogistic was used
for the computation of these results, based on the 2005 BRFSS data. A product term for female
and not obese was included as in Ford et al. [34].

From Table II, we see that the product term for female and not obese is statistically significantly
negative, indicating that the odds ratio representing the association between obesity and poor
physical QOL is higher for women than for men, all else being equal (all other covariates being
the same). One can use the results in Table II to calculate the two risks for a given subpopulation.
For example, let subpopulation one represent all white, college-educated males over the age of 65
who currently smoke everyday. Then the risk for the non-obese members of this group is estimated
as expit(—1.71—-0.3640.53) =0.177, where expit(x) =exp(x)/(1+exp(x)) is the inverse logit
transform. The risk for the obese members of this group is obtained similarly as 0.236.

By making these calculations for both women and men for each setting of all possible combi-
nations of the remaining covariates, and then computing the relative risks and risk differences,
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3460 B. BRUMBACK AND A. BERG

Table II. Estimating the risk of more than five physically unhealthy days during
the past 30 as a function of obesity and confounders, using logistic regression
and data from the 2005 United States BRFSS survey.

Coefficient Estimate (SE)*
Intercept —1.71 (0.04)
Age
18-24 —0.99 (0.06)
25-34 —0.99 (0.04)
45-54 —0.71 (0.03)
55-64 —0.44 (0.03)
65+
Female 0.51 (0.04)
Male
Not obese —0.36 (0.04)
Obese
Female and not obese —0.19 (0.05)
Black non-hispanic 0.06 (0.04)
Hispanic 0.16 (0.05)
Multiracial non-hispanic 0.48 (0.08)
Other race non-hispanic 0.13 (0.07)
White non-hispanic
Did not graduate high school 0.85 (0.04)
Graduated high school 0.45 (0.03)
Attended college 0.36 (0.03)
Graduated college
Current smoker every day 0.53 (0.03)
Current smoker some days 0.37 (0.05)
Former smoker 0.25 (0.03)

Never smoked

*Unexponentiated coefficients and standard errors are presented so that the reader
can calculate the estimated risks.

one finds that both the relative risk and the risk difference are always higher for women than for
men, all else being equal. Thus, it may seem safe to conclude that women need an intervention
more than men. However, when subpopulation one is defined as above and subpopulation two
represents all white, college-educated females between the ages of 18 and 24 who never smoked
(so that the covariate set differs in terms of not just gender but also age and smoking status), we
find an example of disagreement. Table III presents the results. Standard errors were obtained by
simulation, based on the idea presented by Greenland [37]. Specifically, in R we simulated 10 000
multivariate normal coefficient estimates with covariance matrix returned by Proc Surveylogistic,
and for each set of coefficients, we calculated the quantities in Table III (except for m, because it
could possibly be negative).

Table III shows that the risk difference decreases by a factor of 0.69 (from 0.059 to 0.04), whereas
the relative risk and odds ratio increase by factors of 1.25 (1.33— 1.65) and 1.22 (1.44— 1.73),
respectively. Results of the simulation confirmed that the disagreement was statistically significant:
99.5 per cent of the simulations found k>1,¢>1, and s<0.

What if these results had been presented in terms of odds ratios or relative risks only? Then
one might be led to conclude that, even when the women are younger and have never smoked
while the men are older smokers, the women are still more in need of an intervention. If only the
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Table III. Estimated risks and measures of effect modification,
with standard errors.

Parameter Estimate (SE)
) 0.177 (0.006)
N 0.236 (0.009)
3 0.061 (0.003)
Pa 0.101 (0.006)
k 1.252*% (0.049)
q 1.215T (0.057)
s —0.018% (0.007)
m 0.687%

*Relative risk increases from 1.33 to 1.65.
TOdds ratio increases from 1.44 to 1.73.
IRisk difference decreases from 0.06 to 0.04.

odds ratios had been presented, the results of this article would allow us to conclude that the risk
difference would increase provided that 1.66 p3>p;>p3. The reader would likely believe that the
baseline risk for the men would be greater than that for the women (p; > p3), because the men are
older and smoke. Thus, if the reader also believed that p3>p1/1.66, he or she would be able to
conclude that the risk difference increases. In fact, it turns out that p3 =0.061, whereas p; =0.177
and, thus, p3<pj/1.66; fittingly, the risk difference does not increase.

If only the relative risks had been presented, we would know that the odds ratio increases
provided that all four of the risks were less than ?ég =0.2. Or, if we believe that the risk difference
increases, we would conclude that the odds ratio also increases. We would know that in order for
the risk difference to decrease, p3 needs to be less than p; and p4 needs to be less than p,—two
things that are likely given that the men are older and smoke.

This data analysis highlights the importance of presenting coefficient estimates rather than odds
ratio summaries, so that the reader can compute risks and whatever effect measure is sought.
However, much literature reports only on a chosen measure, and the tools developed in this article
can then guide the reader in trying to interpret results in terms of an alternative measure. It is
also important to note that, although in this example, all three measures increased together from
males to females when the other model covariates were fixed, this need not have been the case.
Simply changing the coefficient of female from 0.51 to —0.8 leads to disagreement for some
of the instances in which the other covariates are fixed. A final word of caution: effect-measure
modification can, of course, be present but not causal. In the data-analytic example, we pretended
that we wanted to use the results of a cross-sectional survey to plan an intervention study. As is
often the case when planning an intervention, estimates based on observational studies are prone
to multiple biases.

DISCUSSION

This article presented conditions under which the relative risk, odds ratio, and risk difference can
and cannot change in opposite directions. Although necessary and sufficient conditions were seen
to be quite complicated, necessary conditions were uncovered for each pair of measures. Whenever
the relevant necessary conditions are implausible, an analysis reporting that one measure (e.g. the
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odds ratio) increases from one stratum to the next would also imply that another (e.g. the risk
difference) does not decrease. Perhaps the most intriguing findings pertained to all three measures,
assuming that exposure increases risk; if all four risks are less than 0.5, it cannot happen that k
(ratio of relative risks) and m (ratio of risk differences) are on the same side of one but opposite
of ¢ (ratio of odds ratios), and if all four risks are greater than 0.5, it cannot happen that k and
q are on the same side of one but opposite of m. Potentially useful results also emerged for each
pair of measures. For example, when all risks are less than 0.10, if the odds ratio decreases from
stratum 1 to stratum 2 (g<1), the relative risk cannot increase from stratum 1 to stratum 2 by a
factor greater than k=1.11; for more common outcomes, when the odds ratio decreases across
the two strata, the relative risk cannot double unless one of the four risks exceeds 0.5.

The simulation study showed that, in general, the odds ratio and risk difference change together
more readily than the other two pairs of measures. So far, although the preceding investigation
pointed to possible reasons for this, the true reasons remain unclear; further research might reveal
the answer. For studies of rare diseases, the simulation study confirmed the obvious, which is that
the relative risk and odds ratio will change together almost all the time, and certainly more often
than the other two pairs.

Both data-analytic and hypothetical examples were presented for which the three measures
changed in opposite directions. Finding a hypothetical example in which the relative risk and odds
ratio change in opposite directions for a rare outcome was challenging. Finding a real example
may be next to impossible. The data-analytic example showed that the relative risk and odds ratio
increase and the risk difference decreases from subpopulation one to two. Further research will
uncover still more data-analytic examples of each pair of measures changing in opposite directions.
Additionally, while the present article focused on effect-measure modification from one stratum
to the next, further research could investigate the much more complex situation that occurs when
more than two strata are considered.

For researchers without a clear preference for one measure versus another, testing for effect
modification is an ambiguous task. A possible remedy would be to formulate the alternative
hypothesis in terms of all three measures; i.e. all three measures increase or decrease together.
The multivariate delta method [10] would give the asymptotic joint distribution of (k, g, s), and a
level « test could be obtained by rejecting whenever a (1 —o) x 100 per cent approximate simul-
taneous confidence region was strictly contained within either of the subspaces {k<1,g<1, s<0}
or {k>1,g>1,s>0}. One could construct a one-sided test in an analogous fashion. It is likely that
better tests could be constructed to increase power, but this remains a topic for future research. For
case—control study designs allowing only for estimation of ¢, a Bayesian approach to hypothesis
testing that incorporated priors on the four risks would perhaps be feasible.

APPENDIX A

Here we prove the following result: Suppose p1, p2, p3, and p4 are strictly between zero and one
and satisty p1+ pa<1 or pr+ p3<1. Then

p2/P1<p4/p3 (AD)

and
P2—P1<p4—D3 (A2)
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imply

p2/(1—=p2) <11?4/(1 —p4)
p1/(0—=p1) p3/(1—p3)

(A3)

Furthermore, (A1) and (A2) imply (A3) when < is replaced with > in each of the inequalities.

Proof
Note that (A3) is equivalent to the inequality

p2p3+p1pa(p2+p3)<pipa+ p2p3(pr+pa) (A4)
At this point, we state a lemma. O

Lemma 1
Suppose a<b, c<d, and either c<1 or d<1, then a+bc<b+ad.

Proof
Since a+bc<b+ad is equivalent to a(l —d) —b(1 —c)<0, we shall show the latter. Noting 1 —
d<1—c, then if c<1 we have

a(l—d)—b(1—c)<a(l—c)—b(1—c)=(a—b)(1—-c)<0

Again using 1 —d<1—c, then if d<1 we have
a(l—d)—b(1—c)<a(l—d)—b(1—d)=(a—b)(1—-d)<0

Therefore, if either c<1 or d<1, then a(l —d)—b(1 —c)<0, which proves the lemma. U

Assuming p> + p3<1 or p;+ ps<1, we see that the lemma applies to (A4) with a = ps p3, b= p; pa,
c=pa2+ p3, and d = p1 + p4, where the assumptions are satisfied since (Al) implies pr» p3<pip4
and (A2) implies p2+ p3<p1+ pa. If po+ p3=1or p;+ ps=1 but not both, then (A4) is trivially
true. If po+ p3=p1+ pa=1, then (A2) is not satisfied.

Owing to the symmetry of the inequalities, if all < symbols are replaced with > symbols except
on the inequalities p;+ pa<<1 and p>+ p3<1, we obtain a proof to the second part of the problem
involving the inequalities reversed.
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