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1 | INTRODUCTION

We consider a noninferiority trial with a binary outcome
and risk difference as the treatment effect. The noninferi-
ority trial design incorporates a noninferiority margin, d,,
and generalizes the standard comparative binomial trial
corresponding to 6, = 0. In Chan (1998), a class of exact-
based tests is described for noninferiority binomial trials
with type-I error rates that are guaranteed to be bounded
by the level of the test. These exact-based procedures do
not leverage the conditional distribution of a sufficient
statistic, like that of the Fisher’s exact test, but rather pro-
duce an exact unconditional test using a maximization
method (Boschloo, 1970; McDonald et al., 1977; Lehmann
and Romano, 2006; Basu, 2011). For standard comparative
trials (8, = 0), such exact unconditional tests were shown
to be more powerful than Fisher’s conditional exact test
(Suissa and Shuster, 1985; Haber, 1986).

As described in Wasserstein et al. (2019), it is often not
appropriate to just report p-value results; interval estimates
of the effect size should also be reported. The uncon-
ditional exact method of Chan (1998) does not immedi-
ately yield a corresponding confidence interval estimator,

interval estimators.

A novel confidence interval estimator is proposed for the risk difference in non-
inferiority binomial trials. The proposed confidence interval, which is dependent
on the prespecified noninferiority margin, is consistent with an exact uncondi-
tional test that preserves the type-I error and has improved power, particularly for
smaller sample sizes, compared to the confidence interval by Chan and Zhang.
The improved performance of the proposed confidence interval is theoretically
justified and demonstrated with simulations and examples. An R package is also
distributed that implements the proposed methods along with other confidence

confidence interval estimation, exact test, noninferiority clinical trial

but Chan and Zhang (1999) produce a confidence inter-
val estimator that does leverage the exact unconditional
test. However, we show that this confidence interval cor-
responds to a statistical test that is more conservative than
the exact unconditional test of Chan (1998). Less conserva-
tive confidence interval estimators have been proposed in
Miettinen and Nurminen (1985) and Farrington and Man-
ning (1990), but these confidence interval estimators are
based on asymptotic distributions and correspond to sta-
tistical tests that do not necessarily preserve type-I error
rates.

We introduce a novel confidence interval estimator—
called the exact-corrected (EC) estimator—that is less con-
servative and more powerful than the Chan & Zhang inter-
val, but that also corresponds to a statistical test with
preserved type-I error. The approach modifies the pivotal
quantity used to produce the asymptotic confidence inter-
val in Miettinen and Nurminen (1985), referred to as the
d-projected Z-score, and tacks on a correction factor to
produce a confidence interval that is consistent with the
exact test of Chan (1998). The proposed EC interval estima-
tor is particularly unique in that it explicitly incorporates
the noninferiority margin in the estimator, so different
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TABLE 1 Description of the noninferiority hypotheses
Positive Negative
Hypothesis outcome outcome Interpretation
H, 6 <=6, § >0, “inferior trial,” T is inferior to C
H, 8> —08, d <6, “noninferior trial;” T is not inferior to C
predetermined noninferiority margins will result in differ- Pco=Pr—6.

ent confidence intervals.

Next, we precisely define the statistical hypotheses being
considered for a noninferiority binomial trial and formal-
ize the statistical modeling framework. Then we discuss
the implementation of Chan’s exact p-value followed by
introducing the §-projected Z-score as the choice of the
test statistic for building an asymptotic confidence inter-
val, which also serves as the basis of the Chan & Zhang
confidence interval. We then introduce the proposed EC 6-
projected confidence interval method along with its favor-
able properties in size and power. We finally illustrate those
properties through carefully conducted simulations and
real data examples.

2 | METHODS

We consider a noninferiority trial with treatment group
(T) and control/standard-of-care group (C) having a binary
endpoint representing whether or not an outcome is
observed. Let Py and P be the probabilities the outcome
is observed, and let § = Py — P represent the risk differ-
ence. Depending on whether we are considering a positive
outcome (e.g., resolution of a disease) or a negative out-
come (e.g., cancer recurrence), we will use the following
hypotheses for a noninferiority trial with prespecified non-
inferiority margin &, > 0 (Table 1).

We will consider a positive outcome for the rest of
this paper. We model the binary outcomes of the treat-
ment and control groups with the following binomial
distributions:

X7 ~ Binomial(Ny, Pr)

Xc ~ Binomial(N¢, P¢).

Under this binomial model, the joint probability for
Xy =xrand X¢ = xc is

Pr(Xy = x7,X¢c = X, | Pr,P¢)

= () (Ne)@ryra - bV e~ poyNee,
Xr /7 \X¢ ¢

where 0 < xy < Ny and 0 < x- < N¢. The likelihood can
be reformulated in terms of P and § with the substitution

Pr(Xy = xp,Xc = X, | Pr,9)

- () -y

X (Pp = &)*¢(1+ 6 — Pp)Ne~>e, @
where Py and 6 must satisfy the condition
max(0,6) < Pr < min(1,1 + §).

If 6, =0, then X7+ X is a sufficient statistic for
P under the null hypothesis, which forms the basis
of Fisher’s exact test procedure (Fisher, 1935). How-
ever, for the more general setup of &, # 0, a different
approach is needed. One such approach is described in
the next section.

2.1 | Chan’s exact test

Chan (1998), and subsequently R6hmel and Mansmann
(1999b), proposed an unconditional exact p-value approach
based on the maximization/minimax principle. This
approach starts with specifying a preorder on the sample
space

Q={(x7r,xc) :0<xr <Ny and 0<xc <N}

More specifically, given the preorder, we can index and
arrange the n elements of Q in the following manner:

wléa)zs“‘éwn.

A natural approach to specifying a preorder is to use a test
statistic, or more generally any function, that maps the ele-
ments of Q to R. Let S be a statistic that induces a preorder
on Q. Without loss of generality, suppose that greater val-
ues of S favor the alternative hypothesis (otherwise replace
S with —S). This statistic will likely depend on Ny and N¢
and may also depend on 6. The so-called exact uncondi-
tional p-value, as described in Chan (1998), R6hmel and
Mansmann (1999b), and Chan (2003), can be expressed as

ngaCt(xT’ xc)

= sup Pr[SXr,Xc) > S(xr,xc) | Pr,8]. (2)
Pr.6<—8,
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This approach uses the maximization/minimax principle
(Lehmann and Romano, 2006; Basu, 2011) to eliminate
the nuisance parameters Pr and d. Taking the supremum
over both Py and 8 can be simplified when the statis-
tic S satisfies the so-called Barnard criteria, stemming
from Barnard (1947), which is given by the following two
conditions:

S(xr,xc) 2 S(xr,xc + Dforall(xr, xc), (X7, xc +1) € Q
SCer,xc) = S(xr — 1,xc)forall(xy, xc), (xp — 1,x¢c) € Q.

©)

This condition is intuitively clear: for any observed out-
come, having one more success in the control or one less
success in the treatment should lead to a smaller value of
the test statistic. Rohmel and Mansmann (1999b) proved
that when the inequalities in (3) are satisfied, the supre-
mum in (2) occurs on the boundary of H; that is, the supre-
mum is the maximum under the restriction Py — P- =
—0y. Frick (2000) generalized this and proved that if either
inequality in (3) is satisfied, then again the supremum in
(2) occurs at the boundary of H,. We shall assume that the
statistic S satisfies (3), thus allowing us to rewrite Equa-
tion (2) as follows:

max
Pre[0,1-5o]

pgxaCt(xT:xC) — PI’[S(XT,Xc)

> S(xr,x¢) | Pr,6 = —8]. 4)

For a general statistic p and specified level a, we define

the critical region, Q, to be the set of elements of Q that

reject the null hypothesis based on a level a test; that
is,

Q. = {(x7, xc) such that p(x7,xc) < a}. (5)

Conditioned on P7 and &, we define the conditional size of
p under the null to be

alp | Pr,8)= ). Pr[Xp=x;,Xc=xc|Prp,0l,
(x7,x0)EQY
(6)
and the maximal size is defined as
a*(p)= sup a(p|Pr,9). @)

Pr,0<—5,

Following terminology of Berger and Boos (1994) and
Rohmel and Mansmann (1999a), we will call p a valid p-
value if

a*(p) < aforalla € [0,1]. (8)

In Theorem A.l, proved in Appendix A, we show that
pgxaCt(xT,xc) is a valid p-value. Ultimately, we will
propose a confidence interval for & that corresponds
to pg"a“ for a particular choice of S—the so-called
d-projected Z-score—which is described in the next
section.

2.2 | J-Projected Z-score

There are several choices of statistics to define the preorder
in Chan’s method including Dunnett and Gent (1977),
Santner and Snell (1980), Blackwelder (1982), Miettinen
and Nurminen (1985), Farrington and Manning (1990),
Chan and Zhang (1999), and Réhmel and Mansmann
(1999b). Chan (2003, 1998) is particularly favorable to what
he calls the §-projected Z-score, originally described in
Miettinen and Nurminen (1985), given by

P.—P-+6
Zs(Xr. Xc) = ————, ©)
Os
where

p.=2L p,=2C

T NT’ C NC’
~ Pr(1—Pr) Pc(1-Pc)

= s 10
Os \/ N, + No (10)

and P; and P represent the maximum likelihood estima-
tors of Py and P, respectively, under the null hypothesis
constraint Py — P = —&. In particular, in calculating the
exact p-value with Equation (4), Chan (2003, 1998) advo-
cates the use of the statistic S(Xr, X¢) = Z5 (X7, X¢). We
will simply write p*2(xy, x¢) to refer to Chan’s exact p-
value with this statistic; that is,,

max  Pr{Zs, (X7, Xc)

exact(x. x.) =
T>*AC
p Prel0,1-8y]

> Zs,(xr,xc) | Pr,6 = =8p]. (1)

Chan (1999, 2003) has provided justification that
Zs,(X7,X¢) satisfies the Barnard criteria (conditions
in Equation (3)), so as in Equation (4), the maximization
in Equation (11) occurs on the boundary of H. Closed
formulas for calculating the restricted maximum likeli-
hood estimators Py and P are given in Miettinen and
Nurminen (1985) and Farrington and Manning (1990).
Asymptotically, Z_s(Xr, X¢) has a standard normal dis-
tribution, so it can be used as an asymptotic pivotal quan-
tity to form a confidence set for § (Miettinen and Nur-
minen, 1985). In particular, if Zs is monotonic in &, this
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confidence set would be a continuous interval. We do not
prove monotonicity due to the complexity of the statistic,
but monotonicity is easy to confirm for any given set of
parameters. We numerically confirmed that Zs(x7, xc) is
monotonically increasing for all tables up to Ny = 100 and
N¢ = 100 with a grid size on § of 0.01. Therefore, in the dis-
cussion below, we simply assume that Zs(xr, xc) is mono-
tonically increasing in 4.

The asymptotic (1 — o) confidence interval of Miettinen
and Nurminen (1985) is (523, 5;8’}[;), where 5252 and 5?]8ya
satisfy

$1-a/2 = Z_g (X, xc) and  3q/y = Z_ g5 (Xr, Xc);
(12)

the notation 3, represents the o quantile of the standard
normal distribution. The following probability coverage
calculation validates this asymptotic confidence interval
formulation:

Pr [5252 <8<, |=Pr [—5';}8{1 <-6< —5252] (13)

=Pr [2_5;‘;?;(XT:XC) <Z_5(X7,Xc) £ Z_5f§(XT,Xc)]

(14)
= Pr (3072 < Z_5(X1.XC) < §1-0/2] (1s)
~1-a. (16)
We define the asymptotic p-value to be
p*(xr,xc) = Pr [Z 2 Z,(xr, xc))]
=1- (I)(Z5O(xTer))’ (17)

where Z represents the standard normal distribution
and ®(x) is the cumulative distribution function for
the standard normal distribution. Theorem A.2, proved
in Appendix A, establishes a connection between
p*Y(xr, xc) and 52% Namely, assuming that Z5(xr, x¢)
is monotonically increasing in &8, then p®Y(xr, xc) is less
than «/2 if and only if 52% is larger than —4,,.

We note that the confidence interval (523, 6;%), which
isbased on Zg, does not depend on the prespecified value of
8- It is also noted that a*(p®Y) is not necessarily bounded
by a/2; furthermore, there are many examples in which
the type-I error exceeds the level a/2 (see Section 3.4
below). Hence, p is not a valid p-value per the definition
stated above in Section 2.1. Next, we describe a confidence

interval that utilizes Chan’s exact p-value with guaranteed
probability coverage.

2.3 | Chan and Zhang confidence interval
Chan and Zhang (1999) proposed an “exact” two-sided
(1 — a)% confidence interval for the risk difference §. The
method is based on inverting two one-sided hypotheses
using the §-projected Z-score Zs. We first define the fol-
lowing quantities:

Pps(xr,xc) = max Pr[Z_s;(X7,Xc)
Pref0,1-5]

Z Z—é(x% xC)],

P X7,Xc) = max Pr|Z_s(Xr,X,
vsler,xe) = | max | PHZ s(Xr.Xc)

< Z_s(xr, x0)]-

In particular, we note that the exact p-value, given in Equa-
tion (11), can be written as

P (xr, x¢) = P _5, (X, X¢).

The Chan & Zhang confidence interval, denoted as

(5%{, 5gza), is defined by the following expressions:

812 (xr, xc) = inf {8 : PpsCer, xc) > a/2),

85 (xr, xc) = sgp {6 : Pys(xr,xc)>a/2}. (18)

It is noted that this confidence interval, like the asymp-
totic confidence interval in the previous section, does not
depend on the noninferiority margin §,. We correspond
the Chan & Zhang confidence interval with a Chan &
Zhang p-value defined as

pl(xr,xc) =  max_ Pps(xr,xc), (19
o€[~1,—dy]

where the correspondence is established in Theorem A.3
proved in Appendix A. Theorem A.3 also shows that
p“%(x1, x¢) is bounded below by p®™a°t(x, x), which is
equivalent to the following statement:

P4 (xr, x0) rejects Hy = p®a(xy, x¢) rejects Hy.

So, anytime the Chan & Zhang confidence interval rejects
H,, the exact test will also necessarily reject H,, but the
converse is not always true. This indicates that the exact
test will have at least as much statistical power as the test
induced by the Chan & Zhang confidence interval.
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NT=8, Nc=19, XT=5, Xc=10
1.00 '

0.75

0.50

0.00 Lo
-0.20 -0.15 -0.10 -0.05 0.00

FIGURE 1 This graphic shows the relationship between

P (xr, xc) (red line) and p™3°t(x;, x¢) (black line). The regions
shaded in blue indicate the values of «/2 and &, what would cause
P (xp, x¢) to reject Hy and p©%(xr, Xc) not to reject H, for a level
a test

Figure 1 illustrates the relationship between p“*(xr, x¢)
and p®3°(xr, x) with a concrete example taking Ny = 9,
N¢c =19, x7 = 5,and x¢ = 10. In the figure, the black line
is Py s(xr, Xc) and the red line is maxse[— —s) Prs(X7, X¢)-
The values for which these lines intersect at § = —§,) cor-
respond to p&*°t(x,, xc) and p““(xr, x¢), respectively, as
indicated on the figure with §, = 0.1. The regions shaded
in blue indicate values of «/2 and &, that would cause
P (xy, x¢) to reject Hy and p©“(xz, x¢) not to reject H,
for alevel o test. Also illustrated on the graphic is the lower
bound of the Chan & Zhang confidence interval for o =
0.5; although not a standard significance level, the chosen
parameters were selected to clearly highlight key features
of p®*a°t, The region shaded in orange is not of interest as
the corresponding o would be greater than 1 in this region.

As illustrated in Figure 1, there are many situations
in which the strict inequality p““(x7, xc) < p®**(xr, x¢)
holds. Using terminology described in R6hmel and Mans-
mann (1999b), we say that p®™a°t strictly dominates p©*. A
p-value that is not strictly dominated is called acceptable. It
is much easier establishing a p-value is not acceptable, like
p“, than to prove a given p-value, say p$**“', is acceptable.
Frick (2000) provides various necessary and sufficient con-
ditions for acceptable p-values.

Next, we propose a novel “EC” confidence inter-
val, (88¢ SBC ), which corresponds to p®*at; that is,

L,a’ Ned

pexact(xT’ xC) < C(/z if and only if 552 > —50.

2.4 | Exact-corrected d-projected Z-score

We consider a modification of the 5-projected Z-score,
which we call the EC §-projected Z-score. This EC &-
projected Z-score, labeled Z;“(Xr,Xc), is given in (20).

The motivation and derivation of Z?C (Xr,X)is presented
in Appendix B.
Pr—P.+6

P Gs
Z3 (X, Xc) = - a_O(ZSO(XT’XC)
5

Os

— &7 (1 - p™ (X1, X))

Pr—P-+6 G
=L T2 (o1 — pi (Xp, XC))
Os s
— ®7H(1 - p™N(Xr, X))
= Zg(XT,Xc) - EC&(XT,Xc), (20)

where ®~! denotes the quantile function of the stan-
dard normal distribution (also called the probit function),
Gs is as defined in (10), G5, is G5 evaluated at & = J,
and ECs(X7, X ) denotes the exact correction term given
by

Gs
ECs(X1,Xc) = 3—;@-1(1 - P (X7, Xc))
- @711 — p(Xr, X())).

In particular, when evaluating Z?C(XT,XC) at 8 = 9y,
Xr = xr,and X¢ = x¢, we have

ZEOC(XT, x¢) = @71 (1 = p&i(xr, xc)). eay)

In the simulation section, we numerically show that
the expectation of EC5(Xr, X) tends to zero with increas-
ing sample size over selected values of Pr, Pc, and &.
We do not prove monotonicity due to the complexity
of the statistic, but monotonicity is easy to confirm for
any given set of parameters. The software that we devel-
oped to implement the EC methods (detailed in Sec-
tion 3.1) confirms monotonicity of Z?C(xT, Xc) in § when
applied to user-specified data. In the subsequent discus-
sion, we assume that Z?C(xT,xC) is monotonic in &, so
inverting Z3%(xr, xc) will produce (1 —a)% “EC” con-
fidence interval, (6]5;,55?“), defined by the following
equations

31-a/2 = Z_sfi(XTaXC) and 34/, = Z_55CQ(XT9XC)-

(22)

A connection between 5]5(; derived in (22), and
P (xp, xc), is established in Theorem A.4 (proved in
Appendix A). Namely, assuming that Z ?C(xT, Xc) is mono-
tonically increasing in &, then p®3°(x;, x.) is less than

a /2 if and only if 5{32 (xr,xc) is larger than —§,,.
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3 | SIMULATIONS AND EXAMPLES

3.1 | Software and data sharing

The R package EC (see Supporting Information) allows the
user to easily compute the confidence intervals, p-values,
and maximal sizes discussed in this paper. Examples are
provided in the package for each of these functions. The
function to calculate the Chan & Zhang confidence inter-
vals was verified against SAS PROC FREQ by using the
EXACT statement within the TABLES statement (using
the RISKDIFF statistic option coupled with the SCORE
method). Automated checking of the functions was per-
formed with the devtools: : check function. All data that
support the findings of this research are provided within
the paper.

3.2 | Asymptotic assessments

Here, we present simulations to show the asymptotic
behavior of the expected value of ECs(X7,X). Seven dif-
ferent sample sizes of N = Ny = N, doubling each time
from 10 to 640, were considered along with three differ-
ent values of &, (0, 0.1, 0.2), three different values of Pp
(0.3,0.5,0.7), and three different values of P (0.3, 0.5, 0.7).
Each expected value is computed over 10,000 realizations
of the data, thus yielding very precise estimates. Figure 2
shows E[ECs(X7,X)] =~ 0 for large values of N. This, in
turn, suggests that Z?C(XT,XC) is close to Zs(Xy, X ) for
large N.

3.3 | Power and size
The performance of the confidence interval estimators is
compared in terms of power and size.

* The method “MN” (Miettinen and Nurminen, 1985) cor-
responds to (523, Sausi).

* The method “CZ” (Chan and Zhang, 1999) corresponds
to (875, 85%)-

* The method “EC” corresponds to our proposed “exact-
corrected” confidence interval estimator (552, SE’C{X )
The two examples displayed in Figure 3 showcase the

potential differences in power and size across the three

methods. Once the values of Py, Ny, N¢, &y, and a are
determined, the probability of rejecting H,, for different

values of § is calculated from the likelihoods of the (N} +

1)(N¢ + 1) tables using Equation (1). Values of § that are

smaller than —§, correspond to H, being true, whereas

values of § that are larger than —§, correspond to H;

being true. The values n.AA, n. AR, and n.RR displayed on

the graphic represent the number of the (N7 + 1)(N¢ + 1)
tables for which CZ and EC both accept Hy (n.AA), CZ
accepts H, and EC rejects Hy (n. AR), and CZ and EC both
reject Hy (n.RR). Note that the term “accept” here is used
synonymously with “failed to reject.”

Figure 3a sets Py = 0.95, Ny =5, Nc =11, §, = 0.03,
and a = 0.7. In this example, there are four tables for
which EC rejects H, but CZ fails to reject H. This causes
EC to have greater power compared to CZ, though both
methods have controlled size under H,. We also see that
the MN method has better power than both CZ and EC,
but also rejects H, with probability greater than a when
H, is true.

Figure 3b sets Py = 0.1, Ny =12, Nc =5, §, = 0.33,
and a = 0.1. In this example, there is only one table for
which EC rejects H,, but CZ fails to reject H, yet this one
table occurs with a high enough probability to produce a
measurable difference in power between the EC and CZ
methods. The MN and EC methods reject/accept H, for
all tables (even though they produce different confidence
intervals) causing them to have identical power curves.
In this example, all methods have a type-I error that is
bounded by «.

3.4 | Data examples

In addition to the three previously discussed methods—
EC, CZ, and MN—we also consider the commonly used
Wald’s method (Altman et al., 2013; Fagerland et al., 2015).
The Wald Z-statistic is given by

Pr—Pc+6,
Pr(1-Pr) + Pc(1-Pc)
Nr N¢

and the corresponding confidence interval and p-value are
given by

ZWald —

s & Pr(1-Pr) | Pc(1-P,
Py —PciZ1—a/2\/ J(NT r) + C(NC o)

pWald =1- q)(ZWald).

We first present three examples in which the EC and
CZ confidence intervals produce different hypothesis test
decisions. As shown in Theorem A.3, p®@t < p©?, so if
the hypothesis test decisions differ between EC and CZ,
it must be that EC rejects the null and CZ fails to reject
the null. The parameters for the first example are the same
as the parameters presented in Figure 1. The second and
third examples also show advantages of the EC method
over the CZ method but with the more standard o = 0.05.
Confidence intervals for all four methods are presented in
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FIGURE 2 Expected value of EC5(X, X() is approximated for different combinations of Py, P, §;, and N = Ny = N¢

P.T=0.95, N.T=5, N.C=11 P.T=0.1, N.T=12, N.C=5
n.AA=41, n.AR=4, n.RR=27 n.AA=43, n.AR=1, n.RR=34
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FIGURE 3 The probability of rejecting H,, over different values of § for the three confidence interval methods EC, CZ, and MN
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Example 1 Example 2 Example 3
EC
Cz
MN
Wald
02 o=-0.1 03 -02 o=-0.12 1 -02 o=-0.1 0.5
Rodary et al. Fries et al. Kim et al.
EC
Ccz
MN
Wald
0.2 0=-0.1 01 -02 =0 07 -02 0=-005 01
FIGURE 4 Comparison of the four confidence interval methods over the six data examples presented in Section 3.4
TABLE 2 Three examples show that the EC method is less conservative than the CZ method yet still corresponding to an exact test that
controls type-I error
Data parameters p-Values maximal size
xr/Nr  xc/Ne & /2 EC cz MN  Wald EC cz MN  Wald
Example 1 5/8 10/19 0.10 0.25 0.200 0.370 0.172 0.167 0.197 0.197 0.430 0.430
Example 2 5/6 2/6 0.12 0.025 0.023 0.030 0.014 0.006 0.022 0.012 0.030 0.464
Example 3 7/18 5/25 0.10 0.025 0.024 0.027 0.018 0.020 0.024 0.021 0.028 0.150

Figure 4. Table 2 shows the associated p-values and maxi-
mal sizes for the four methods. We remind the reader here
that the p-values and maximal sizes associated with the
EC method are equivalent to p®2°t and a*(p*a°t), respec-
tively. Consistent with Theorems A.2, A.3, and A.4, we see
that the associated p-values are shown to declare noninferi-
ority (reject the null with the corresponding p-value being
less than «/2) if and only if the lower bound of the respec-
tive confidence intervals is bigger than —&,.

Theorem A.3 also establishes the following inequalities
on the maximal sizes of the CZ and EC methods:

a*(pCZ) < a*(pexact) < 06/2.

Note that maximal size does not depend on specific val-
ues of xy and x.. The maximal size calculations shown
in Table 2 demonstrate this conservativeness of the CZ
method over the EC method. Additionally, in each of these
three examples, the maximal sizes for both the MN and
Wald methods exceed the /2 threshold, which shows that
the type-I error rates associated with confidence intervals
produced from the MN and Wald methods can be inflated.

In the next three examples, we compare the differ-
ent methods from published studies. The first example,
originally published in Lemerle et al. (1983) and later rean-
alyzed in Rodary et al. (1989) and Chan (1998), consid-
ers a randomized trial in childhood nephroblastoma com-
paring neoadjuvant chemotherapy (treatment) to radiation

therapy (control) with the outcome of preventing tumor
rupture during surgery. A noninferiority margin is taken
to be 55 = 0.1, and the chemotherapy treatment would
be considered noninferior to radiation if 6 = Py — P >
—0.1. Eighty three of the 88 chemotherapy subjects had
a positive outcome (Pr = 0.943), and 69 of the 76 radia-
tion subjects had a positive outcome (P = 0.908). There
is pretty strong evidence that neoadjuvant chemotherapy is
not inferior to radiation in preventing surgical tumor rup-
ture in this study.

The second example, originally published in Fries et al.
(1993) and later reanalyzed in Chan (1998), considers the
protective efficacy against illness of a recombinant protein
flu vaccine in response to exposure to the HIN1 virus. The
noninferiority margin is set to §, = 0, so the vaccine would
be considered meaningful if § = Pr — P¢ > 0. Eight out
of 15 subjects who received the vaccine (treatment group)
avoided any kind of clinical illness (ﬁT = 0.533), whereas
only 3 out of 15 subjects who received the placebo (control
group) avoided illness (?C = 0.200). Even with the small
sample size, this study gives pretty strong evidence that
the recombinant protein vaccine is more effective than a
placebo in preventing illness from exposure to HINI.

The third example, published in Kim et al. (2013), con-
siders whether the success rate of subclavian venous
catheterization using a neutral shoulder position
(treatment group) is not inferior to the often recom-
mended retracted shoulder position (control group). The
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noninferiority margin is set to §, = 0.05, so the neutral
shoulder position would be noninferior if § = Py — P¢ >
—0.05. One hundred seventy three out of 181 subjects in
the neutral position had a successful catheterization (P =
0.956), and 174 out of 181 subjects in the retracted position
had a successful catheterization (ﬁc = 0.961). The success
rates in this study are quite comparable for the two groups.
We note that this study reports a confidence interval for
d based on Wald’s method, which we show produces a
decision that is inconsistent with the other three methods.
The four confidence interval methods for each of these
three examples with o = 0.05 are presented in Figure 4. In
the Rodary et al. example, all confidence intervals have a
lower bound around —0.05 declaring noninferiority for the
chemotherapy treatment. In the Fries et al. example, EC,
CZ, and MN intervals report a different decision compared
to the Wald interval. The Fisher’s exact and Chan’s exact
p-values for this example are 0.128 and 0.008, respectively,
thus leading to a different statistical decision based on a
5% level test. The lower bound of the EC and CZ intervals
match, but the upper bound of the EC interval is somewhat
smaller. The Kim et al. example has relatively large sam-
ple sizes, so the EC, CZ, and MN methods produce con-
fidence intervals that are all fairly similar to each other.
However, these three methods produce a different conclu-
sion about noninferiority compared to the Wald interval
that was reported in the paper. That is, the EC, CZ, and MN
intervals fail to conclude noninferiority at the 5% margin,
whereas the Wald interval establishes noninferiority.

4 | DISCUSSION

A novel confidence interval estimator is proposed that
bridges the divide between the generally more powerful
asymptotic confidence interval of Miettinen and Nurmi-
nen (1985) and the less powerful but correctly sized exact
confidence interval of Chan and Zhang (1999) to yield a cor-
rectly sized exact confidence interval that is more powerful
than the Chan & Zhang interval under the setting of a non-
inferiority design. The proposed confidence interval fully
leverages the noninferiority trial design by incorporating
the noninferiority margin, whereas the other methods do
not involve the prespecified noninferiority margin.

It is natural to expect confidence intervals for the effect
size § not to depend on noninferiority design §,. How-
ever, the Chan exact p-value requires the specification of
d, in addition to usual data values that go into confidence
interval constructions (xg,Xc, Nt,N¢). Therefore, any
confidence interval method that is consistent with the
Chan exact p-value will naturally be dependent on §,. We
note that with small sample sizes, Chan’s exact p-value
estimator can behave somewhat erratic as demonstrated

in Figure 1. This leads to the lower bound of the proposed
estimator potentially being sensitive to &, in the presence
of small sample sizes.

For larger sample sizes, the methods all produce similar
confidence intervals, but the Chan & Zhang confidence
interval method is substantially more computationally
demanding. Moderate sample sizes, such as the examples
explored in Section 3.4, can take from several minutes
to several hours, depending on the level of precision
required, whereas the other methods, including the
proposed method, will compute the confidence interval
within a few seconds.

The differences in results are usually not very dramatic,
but with smaller sample sizes and certain values of the
parameters Pr, a, and &,, the proposed method can
provide a pretty substantial improvement in power as
demonstrated in Section 3.3. Theorems A.3 and A.4 also
theoretically establish that the proposed EC confidence
interval estimator is at least as powerful as the Chan &
Zhang confidence interval estimator and that they both
correspond to valid p-value estimators with controlled size.
Therefore, the proposed EC risk difference confidence
interval estimator is recommended for noninferiority
binomial trials as it is computationally efficient, preserves
the type-I error, and has improved power over the Chan
& Zhang interval. Finally, we briefly mention that the
EC confidence interval has a one-to-one correspondence
with Chan’s exact test, but a much different and modern
approach that decouples this link and uses randomized-
based interval estimation is worth considering; see
Wang and Rosenberger (2020) for more discussion on
this topic.
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APPENDIX A: THEOREMS AND PROOFS
Theorem A.1. Let pexaCt be the exact unconditional p-value
given in Equation (2). Then pexaCt is a valid p-value; that is,

a*(p™t) < aforalla € [0,1].
Proof. Let a € [0,1], and let Q, be the critical region for
Pt as defined in Equation (5). Let (x£, x¢) be a minimal
element of Q,; that is,

S(er, xc) = S(xf, xZ)for all (x7,X¢) € Q.

It is noted that this minimal element may not be unique.
Define Q, as follows:

« = {(x7,xc) € Qsuch that S(xr, xc) > S(xF, x3)}.

If (x7, x¢) € Qq, then S(xr, xc) > S(xXF, x(), as (x7, x7) is
a minimal element, which implies Q, C Q. Therefore,

sup z

Pr8<=00 | (xy,xc)e0q

Pr[Xr = xr,X¢c = x¢ | Pr, 6]

Pr[Xy = x1,X¢ = xc | Py, 6]

< sup Z

Pr.8<=d (xp,x0)EQy

exact

= poei(x2, x2)

<a.
L]
Theorem A.2. Let 6 y -, be the asymptotic lower bound given
in Equation (12), and let p*Y(xr, xc) be the p-value defined
in Equation (17). Assuming that Zs(xr, X¢) is monotonically
increasing in 8, then

P (xr,xc) < a/2 ifandonlyif SESZ(xT,xC) > —0y.

Proof. Suppose p*Y(xr,Xxc) < /2. From Equation (17),
we have

— ®(Zs,(x7,%0)) < /2,
which implies
Zs, (7, x0) 2 @A —a/2) = g1_q)p = Z_5ESZ(XT,XC),

using Equation (12). From the assumption that Zs(x7, xc)
is monotonically increasing in &, we have that &, >

Dlometries iy gy L»

—0dp. The same steps can be used backward to show that
52?Z(xT,xC) > —68, implies p*Y (x7,xc) < a/2. O

Theorem A.3. Let 5%{ (x1, Xc) be the Chan & Zhang lower
bound given in Equation (18), and let p“*(xr,xc) be the
Chan & Zhang p-value given in Equation (19).

() p““(xr,xc) < a/2if and only if 877 (xr, xc) > =8

(ii) p%“(xr,xc) is bounded below by p*2*(x, x¢). In par-
ticular, the Chan & Zhang p-value is valid and satisfies
the following inequalities:

P (xp, xc) > pat(xr, X0) (A1)

a*(pC?) < a* (pact) < /2. (A.2)

Proof. Suppose

ph(xr, xc) & max ]PL s(xr, xc) < af2.

€l—1,—0¢

Then

5CZ % (xr, xc) = 1nf {8 : Prs(xr,xc) > a/2} > =6,

which establishes 55%: > —0y.
Now suppose

§-%(xy, xc) & irgf {6 : PLs(xp,xc) > af2} > =6.
This implies

max_ Py s(xr,xc) = p“A(xy, xp) < /2.

d€[~1,-6o]
This establishes part (i). Part (ii) immediately follows from

max Pp 5(XT,XC)

CZ(xp,xc) =
b T XC Sl s,]

> Pp,_s,(Xr, xc) = p™*(xr, X¢)
and the definition of a*(-) provided in Equation (7). O

Theorem A.4. Let 5EC be the EC lower bound given in
Equation (22), and let pexaCt(xT, Xc) be Chan’s exact p-value
based on the §-projected Z-score as given in Equation (11).
Assuming that Z?C(xT, Xc) is monotonically increasing in
S, then

PN (xp, x0) < a/2  ifand only if 5fg(xT,xc) > —0y.
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Proof. Note that
Pr [Z > Z?OC(xT,xC)] = Pr[Z > @ (1 - pi(xp, x0)]

=1-®(0!(1 - p™*(xr, xc)))

= p™(xr, Xc). (A3)
Suppose p®*3(xr, x-) < a/2. From Equation (A.3), we
have

Pr [Z > Z?OC(xT,xC)] =1- @(Zgoc(xT,xc)) <a/2.
This implies
Z?OC(xT,xC) >0 1-a/2)=z1_4p = Z—5f§(xT’xc),

using Equation (22). From the assumption Z?C(XT,XC)
is monotonically increasing in &, we have that 552 >
—3&,. The same steps can be used backward to show that
5f)g(xT,xc) > —§, implies that p**°!(x, xc) < a/2. [

APPENDIX B: MOTIVATION AND DERIVATION OF
ZEC

G:isven xr, Xc, and &, we wish to derive a function of
d, written f(8), that has properties like the Miettinen &
Nurminen function Zs in (9), but whose associated confi-
dence interval lower bound corresponds with Chan’s exact
unconditional p-value in (2) with the Miettinen & Nurmi-
nen statistic.

We first note that in order for f(5) to invert to a confi-
dence interval, we require f(5) to be monotonic in § and
span the entire range (—oo, 00). We associate a p-value to
the function f(8) in a manner similar to (17) by defining

p/ =1-(f(5)). (B)
And for any a € (0, 1), we define 5{"1 to be the (1 — a) X
100% confidence interval lower bound associated with

f(8) in a manner similar to (12) as follows:

f(—cs{ ) -3 '(1-a/2). (B2)
Following a similar approach to the proof of Theorem A.2,
we can establish the following relationship between p/
and 6{ o

p/ <a/2 ifandonlyif 5{0( > —J.

Therefore, in order to make f(8) consistent with Chan’s
exact p-value, p*°, we need p/ = p™°t, which, when
combined with (B.1), yields the condition

1—®(f(8y)) = pe*act, (B.3)

For f(6) = Z?C, we show that the condition (B.3) is
indeed established in (21). Although there are infinitely
many monotonic functions f(5) that span the entire range
(—o0, c0) whose value at §, satisfies (B.3), we show how the
function Z?C is a very natural choice with characteristics
similar to the Miettinen & Nurminen function given by

_Pr—Pc+6

Zs =
s

In particular, we can write ch as

constant

P\T _P\C +6+ 6'\50(1)_1(1 - pexact) - 6'\50250

Os

EC _
Zs- =

Pr — P¢ + 8 + constant
Ts '

(B.4)

So, with the representation in (B.4), we see the resem-
blance of Z?C to Zs, and in Section 3.2, we numerically
show similar asymptotic properties of these two functions
as estimators.



	Exact-corrected confidence interval for risk difference in noninferiority binomial trials
	Abstract
	1 | INTRODUCTION
	2 | METHODS
	2.1 | Chan’s exact test
	2.2 | -Projected Z-score
	2.3 | Chan and Zhang confidence interval
	2.4 | Exact-corrected -projected Z-score

	3 | SIMULATIONS AND EXAMPLES
	3.1 | Software and data sharing
	3.2 | Asymptotic assessments
	3.3 | Power and size
	3.4 | Data examples

	4 | DISCUSSION
	ACKNOWLEDGMENTS
	OPEN RESEARCH BADGES
	DATA AVAILABILITY STATEMENT

	ORCID
	REFERENCES
	SUPPORTING INFORMATION
	APPENDIX A: THEOREMS AND PROOFS
	APPENDIX B: MOTIVATION AND DERIVATION OF 


