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ABSTRACT

Three competing genetic models—additive, dominant, and recessive—are often considered in genetic
association analysis. We propose and develop a calibrated Bayes approach for comparing these compet-
ing models that has the desired property of giving equal support to the three models when no genetic
association is present. The naive approach with noncalibrated priors is shown to produce misleading Bayes
factors. The method is fully developed with simulation studies, real data analyses, and an efficient algorithm
based on an asymptotic approximation. An illuminating connection to the Kullback-Leibler divergence is
also established. The proposed calibrated prior can serve as a reference prior for a genetic association study
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or as a common baseline prior for comparing Bayes analyses of different datasets.

1. Introduction

This article considers the Bayes analysis of a common design
of case-control genetic association studies. As an example, con-
sider the case-control dataset in Table 1 from Sasieni (1997)
which compares the HLA genotypes in women with and without
cervical intraepithelial neoplasia. Typical analyses of this type
of data primarily focus on testing for a statistical association
between genotype and case—control status. Once an association
is established, the next natural question is to determine the mode
of association. Here, we present a solution based on Bayes fac-
tors to quantify the relative support of the data for three primary
modes of genetic association.

We will first set up the notation and describe the three basic
modes of association—additive, dominant, and recessive—
between the three genotypes and disease (Laird and Lange
2010). For a given individual and biallelic single nucleotide poly-
morphism (SNP) locus, let x be the number of “a” alleles at the
SNP (so x = 0, 1, or 2), and let D denote the disease status of
the individual where D = 1 represents a “case” and D = 0 rep-
resents a “control” A natural model for the disease probability
P(D = 1|x) in a prospective design is (Chatterjee et al. 2009)

¥ thgx)

P(D = 1|X)ZW,

where g(-) is chosen with respect to the genetic model of interest:
g(x) = x,g(x) =I(x > 1),or g(x) = I(x = 2), for the additive,
dominant, or recessive model, respectively.

Let; (j = 0, 1, 2) be the odds ratios of disease for exposure
x = j relative to x = 0; that is,
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The different genetic models can be characterized by the condi-
tions in Table 2. It is particularly noted that the odds ratios in
the table depend on g in the logistic regression but not on «.

The statistical literature so far has primarily focused on the
hypothesis testing of Hy : B = 0 with emphasis on achieving
higher statistical power under a fixed Type I error. When Hj is
rejected, in the frequentist framework, the Akaike information
criterion (AIC) (Akaike 1973) can be used to choose between the
three competing models, which in this case is equivalent to pick-
ing the model with the largest log-likelihood. But AIC can only
order the three competing models, it does not provide a numeri-
cal strength for the relative models. For this task, the Bayes factor
(Kass and Raftery 1995) is uniquely suited. Gelman et al. (2014)
(pp. 182-184) discussed the utility of the Bayes factor as partic-
ularly applicable when a discrete set of competing models are
compared.

The Bayes factor follows from the fundamental Bayes’ theo-
rem and is conceptually superior for assessing the relative sup-
port of competing association models. This point will be made
clear in the next section. The biggest barrier to its application is
the need to specify a prior distribution for (o, ) under each
of the three association models as such prior information is
often scarce. This task is critical to the analysis as Bayes factors
are highly sensitive to the specified prior distribution—much
more so than the posterior distribution for parameter estima-
tion (Aitkin 1991; Sinharay and Stern 2002). The noninforma-
tive prior that gives reasonable posterior distribution can lead to
unreasonable Bayes factors.

This article proposes a new approach to computing the Bayes
factors for the three genetic association models by calibrating
the priors to have a desired frequentist property. Little (2006,
2011, 2012) provided a general description of a calibrated Bayes
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Table 1. Case-control genetic association study studied in Sasieni (1997).

AA Aa aa Total
Case 40 45 28 13
Control 273 100 43 416
Total 313 145 71 529

Table 2. Odds ratio characterization for different genetic association models.

Model Characterization
No Association Y=, =1

Additive (M,) v, =y =e?
Dominant (M,) Y=y, =¢ef
Recessive (M;) Y, =19, = ef

approach, and the spirit of this approach is used to formulate
the calibrated priors. Our calibration is based on the insight that
the null Hy is obtained by having 8 = 0 for all three association
models, so these three types of associations are effectively devi-
ations from Hj in different directions. In the absence of prior
information, the proposed calibrated approach is superior to the
naive approach of using the same diffuse noninformative pri-
ors for each association. The calibrated prior is also useful as
a common baseline prior when comparing datasets generated
from different sources.

Bayesian analysis of case—control studies was systematically
reviewed by Mukherjee, Sinha, and Ghosh (2005). A general dis-
cussion of genetic association models is presented in Balding
(2006) and connections to Bayesian methodology are described
in Stephens and Balding (2009). Wakefield (2009) compared and
contrasted the Bayes factor of Hy : B = O over H; : B # O witha
frequentist p-value approach. Xu, Yuan, and Zheng (2012) used
test statistics based on the Bayes factor to enhance statistical
power. There have been several approaches that comprehen-
sively incorporate all three association models which address
issues associated with multiple comparisons (Li and Gastwirth
2002; Gonzalez et al. 2008; Hothorn and Hothorn 2009; Talluri,
Wang, and Shete 2014).

2. Bayes Factors

A general data structure for a case-control study at a single bial-
lelic SNP is presented in Table 3.
A natural model for these data is

¥1 = (Y10, Y11, y12)" ~ multinomial(ny, (710, 711, 712))

Yo = ()’00,)’01,)’02), ~ multinomial(rg, (7wgo, o1, T02)),

where,; = P(x = j|D = 1)and mp; = P(x = j|D = 0).Itfol-

lows that (Satten and Kupper 1993; Mukherjee, Sinha, and

Ghosh 2005; Chatterjee et al. 2009)
oV

mj=—— j=0,1,2. (1)
’ Zi:o HOka

Table 3. A general data structure for a case—control genetic association model.

x=0 x=1 x=2 Total
Case Yo Y Y m
Control Yoo Yor Yo2 ny
Total m, m, m, n
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Since ¥, and ¥, only depend on the single parameter 8 (see
Table 2), there are only three free parameters in this model: 71,
702, and B. We have the following decomposition for the likeli-
hood of y = (y1, y2)":

Plmor, o2, By Mj) = p(¥ly11 + yor = mi, y12 + Yoz
= my, B, M;)
xp(yu +yo1 = my, yi2 + Yo2
= my, To1, To2, B, Mj).

The first factor depends only on 8 and has the following noncen-
tral hypergeometric distribution (McCullagh and Nelder 1989;
Agresti 1992, p. 261)

fOlyi +yor = my, yi2 + yor = my, B, M)

ny no yu g yiz
Vi v,
Y10, Y115 Y12 Yoo, Yo1, Yo2

( m ( o )wzn 212
2 1 2
210, 211, £ mgy — 210, My — 211, My — 2
(z10,211,221) 105 <115 <12 0 10 1 11 2 12

2)

where the denominator sums over all triplets (zy0, 211, z12) that
form a 2 x 3 contingency table with the same row and col-
umn margins as the data table when replacing (y10, y11, y12)
with (210, 211, z12) (McCullagh and Nelder 1989, p. 261). To
simplify notation, from here on we write the conditional dis-
tribution f(y[y11 + yor = mi1, y12 + yo2 = ma, B, M;) simply as
fIB, M)).

A straightforward Bayes factor calculation requires specifi-
cation of prior distributions for B, my;, and ¢y, under each of
the three association models. In this article, we propose to base
our Bayes factor on the conditional distribution f(y|8, M;).
There is a long tradition of using conditional inference in statis-
tics to simplify analyses (Agresti 1992; Reid 1995). The condi-
tional approach here simplifies the inference by only requiring
a prior for B to be specified. This is particularly useful in ana-
lyzing thousands of SNPs in a genomewide-association study, as
further discussed below, because it can be impractical to specify
an informative prior for each SNP. Computationally, the con-
ditional distribution reduces a three-dimensional integration to
a one-dimensional integration making the computation more
robust (Liao 1999). A Bayes formulation of conditional logis-
tic is given by Rice (2004). However, we need to be concerned if
ignoring the second factor in Equation (2) will lead to a substan-
tial loss of information. Little (1989) argued that the marginal
sum of a 2 x 2 table contains little information about the odds
ratio. His argument can be extended to the 2 x 3 table here.
Briefly, the value of y;; + yo; and y15 + yo; reflect their under-
lying means, which are ny7,; + ngmo; and nywy; + ngmg,. Irre-
spective of the size of these two means, however, we can always
find a B aslarge as desired or as small as desired to satisfy the two
marginal means with an appropriate pair of 77o;, and 7p,. There-
fore, we cannot glean much information about 8 from y;; + yo;
and y;, + yo, unless we can specify a strong prior on 7g; and
702. In general, basing inference on a conditional likelihood is
analogous to throwing away part of the data (or, equivalently,
the corresponding experiment) that either contains little infor-
mation about the parameter of interest or contains information
that is hard to untangle without a strong prior on the nuisance
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parameters. It is noted that the same conditional distribution
f(yIB, Mj) is obtained in a prospective study by conditioning
on the total number of observed cases n; and the total number
of observed controls 7.

Let f(B|M;) be the specified prior distribution of 8 under
model M, j =1, 2, 3 (see Table 2). The marginal distribution
of y under model M; is given by

fIM)) Z/f(ylﬂ,M;)f(ﬂle)dﬂ- 3)

Let p(M;) be the prior probability for model M; being true. The
posterior probability of model M; given data y is given by Bayes’
theorem:

fIM)P(M;)
(Mly) = .
JOLI) = S5 = )

And the posterior odds of model M; to M; can be expressed as
prior odds multiplied by the Bayes factor:

f(Mily) _ P(M;) f(yIM;)
fMjly)  P(Mj) f(yIM;)
e e N o’

prior odds Bayes factor

(4)

The Bayes factor

s fOIM)
T foIM))

can be directly interpreted as the support of data y of model M;
over model M;. In this article, we will focus on Bayes factors.
From these Bayes factors, one can easily compute the posterior
distributions (4) for any set of priors on M;.

This Bayes factor approach allows us to compare compet-
ing models using the fundamental Bayes’ theorem. Specifying
the prior f(B|M;) can be difficult as prior information is often
not available, especially if the underlying genetic association is
unknown. Furthermore, Bayes factors can be very sensitive to
the priors (Aitkin 1991; Sinharay and Stern 2002). In the next
section, the three genetic models are compared using Bayes fac-
tors that are calculated under priors that put them on equal
grounds under the null hypothesis of no genetic association.

(5)

3. Calibrating The Priors

As in common practice, we shall specify prior f(B8|M;) as
N(O, ojz). This prior says that the unknown g is a quantity
around 0, where o should be large enough so that, for example,
|B| < o for all plausible values of 8. This guidance, however, is
not sufficient in specifying the values of oy, 0, and o3.

We first show that the naive choice of 6y = 0, = o3 can favor
M twice as much as M; even when there is clearly no association
between the disease status and genotype. Consider an artificial
dataset in Table 4, in which y;/n; = 1/2fori =1, 2, 3.

Table 4. Artificial data clearly demonstrating no association between genotype
and case—control status.

Table 5. Bayes factors for the data in Table 4 with equal variance priors.

01 =0, =03 Ky Ky
2 130 237
8 130 239

Table 5 gives the Bayes factors under the naive specification
of o1 = 0, = 03 evaluated at two different values of 2 and 8. The
Bayes factor K5; > 2 implies f(M3]|y) is more than twice as large
as f(M,|y) over two different prior variances considered in this
simulated example.

Under the null, we would normally expect Ky = Kj;, =
K31 =1 (i.e,, no model be favored over another model), but
this is not the case as demonstrated in Table 5. Therefore,
we propose to calibrate 01, 0, = ky01, and 03 = k3o so that
Eyy, [log K;;] = 0. In other words, we wish to determine k, and
k3 such that

Eyi,[log f (yIM)] = Eyp [log f (y1Mo)]
= Ey-p,[log f(y|M3)]. (6)

The assumption y ~ Hy means that y follows the central hyper-
geometric distribution with probability mass

ny ( no )
Y10, Y115 Y12 Yoo, Yo1, Vo2

P =
n
(mo, my, mz)

Note that E,p, [log f (y|M;)] is the Kullback discrepancy of
model M; from Hy. Our calibration therefore requires equal
Kullback discrepancy between the null and each M;.

Given data y, each f(y|M;) is a function of B and
Eyp,[log f(y|M;)] can be computed by numerical integration.
The parameters k, and k3 can then be solved numerically for any
given value of 0.

The calibration parameters and calibrated Bayes factors for
the artificial data in Table 4 are presented in Table 6.

Here, we observe that substantially different scaling parame-
ters are found for the priors. Furthermore, any Bayes factor that
is biased toward one of the three competing models under the
null is misleading, but our calibration procedure resolves this
issue by equalizing the Bayes factor of each model under Hj.

In Tables 5 and 6, the Bayes factors K3; and K3 are shown to
mostly depend on the choice of k, and k3 and only very weakly
on the value of o;. We now show this is generally true under
some mild conditions. Let /§j be the MLE of 8 under model
M;, j =1, 2, 3. For large sample sizes, the likelihood f(y|8, M;)
will concentrate in a small interval, which is expressed as (B i —

7)

5, Bj + ;). Now suppose that o; is large enough so that the

prior f(B|M;) ~ aiqb(ﬂ/aj), with ¢ (-) representing the density
]

of a standard normal distribution, is approximately constant on

Table 6. Calculated calibration parameters (k,, k;) and resulting Bayes factors
showing the calibration is effective.

AA Aa aa o (ky, k3) Ky Ky
Case 200 100 25 2 (1.30,2.41) 1.00 0.99
Control 200 100 25 8 (1.30,2.41) 1.00 0.99




this interval. Now further assume that ? is close to 0. This yields
J
the following approximation:

1 B
Ujf_oo fOIB, M) (Uj) dp

1 /§] ﬁ]+3j
—¢ () / flB, M;)dp
9j \%i)J

j—0;

fyIM;)

%

X

1 Bi+s;
L0 / FO1B. M) dB
Gj /31'*51

=A;
Note that A; is free of o;. It is now easy to see that K;; mostly
depends on the ratio of o to 0.

4. Asymptotics

The method for calibrating the priors described in the pre-
vious section can be computationally burdensome, especially
with large sample sizes, as the calculation of E,y, [log f (y|M;)]
requires summing over thousands or tens of thousands of 2 x 3
tables of the same margin in the denominator of the noncentral
hypergeometric distribution (2). By studying the asymptotics
of the proposed procedure, we have derived a closed-form and
accurate approximation to k, and k;. Additionally, the asymp-
totic development has insightful links to Fisher information.

We study the asymptotic properties of the calibration proce-
dure under fixed marginals; that is, we let

* * *
(mo, my, my) = s(my, my, mj)
k%
(19, m1) = s(ny, ny),
where mg, m}, m5, ng, nj are all positive and s — oo along the
positive integers. We start by considering the asymptotic behav-

ior of f(y|M;) under s — oo. Applying the Laplace approxima-
tion (Kass and Raftery 1995, Section 4) on f(y|M;) yields

log f(yIM;) = log /27 + log f(y|B. M;) +log f(BIM;)

* Hk

1 R
—Elogl(y,ﬂ,Mj) +Op(5_l)» 8)
N

sHokok

where § is the maximum likelihood estimate under any of the
three association modelsand I(y, B, M) is the observed Fisher’s
information; that is,

—d*log f(y|B, M)

Iy, p. M) = T .
p=p

We now proceed to determine the conditions on k; and k3 to
approximately obtain (6) based on the asymptotic approxima-
tion (8). Note that (6) requires the expected value of the right-
hand side of (8) to be equal for each M; under Hy, and each of
the three starred terms in the right-hand side of (8) is considered
sequentially.

The first term, log f (y|8, M i), can be ignored in this context
since its expected value yields asymptotically equivalent values
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for each model M ;. More explicitly, we have

log f(ylB. M;) = log f (y|p. M) — log(f(y| = 0. M)
~ L0,
+log(f(yIB = 0, M)),
where the x2 approximation follows from likelihood ratio

theory (McCullagh and Nelder 1989, Appendix). Since
log(f(y|B =0, M;) are identical for each M;, the expected

value of log f (yl,é, M) is asymptotically the same for all M.

The second term, log f (BIM ), with the prior specification
BIM; ~ N(0, o;) and the fact thatﬁ — 0 under all M}, yields

~ 1
log f(BIM;) — log f(B = 0|M;) = —log(+/27) — 3 logo?.

Fiilally, the observed Fisher information in the third term,
I(y, B, Mj), converges to I(y, 0, M;) and is directly calculated
from (2) yielding

var (yn + 2y12) forj=1
I(y, M;) e I(y,,é =0, M;) = {var (yn +y12)
var (ylz)

for j=2
for j =3,
)

where the variance is computed under the central hypergeomet-
ric distribution yielding the following expressions:

m; ( mi) nony
var(y;;) = — (1 — —
1) n n/ n—1
m;m; non;
cov(yii, y1j) = — ”12 J p—

Therefore, in an effort to satisfy (6), we obtain
var (yu + 2y12)
var ()’11 +)/12)

_[=mi - (n—dmy) my + 4 (n — my) my
mg (my + my)

kzmiczé

PSP var ()’11 + 2}/12)
’ ’ var (}/12)

_[=mi+ (n—4my) my + 4 (n— my) my
(n —my) my .

(10)
The above derivations are summarized in the following theorem.
Theorem 1. Let B|M; ~ N(O, sz) with o, = l~<201 and o3 =
l~<301, then (6) holds asymptotically; that is,

Ey-p,llog f(yIM1)] = Eyp,[log f(1M2)] + o(1)
= Ey-p,[log f(y|M3)] + o(1).

The asymptotic derivation culminating in Theorem 1 yields
additional insight into the underlying bias and subsequent cor-
rection. For a typical design governed by the Hardy—-Weinberg
law and my > m; > m;,, Equation (9) implies

I(y, My) > I(y, M) > I(y, M3).
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Table7. Comparison of k, and k; to the approximated values I~<2 and l~<3 overabroad
range of experimental designs.

o n, n, n, m, k, k, ky ks
10 10 10 9 1.80 173 1.80 173
40 40 40 36 174 173 1.74 173
2 160 160 160 72 174 173 1.74 173
40 20 10 21 143 143 245 2.08
160 80 40 84 146 147 212 2.08
640 320 160 336 1.47 1.47 2.09 2.08
10 10 10 9 1.92 173 1.92 173
40 40 40 36 174 173 1.74 173
8 160 160 160 72 174 173 1.74 173
40 20 10 21 143 147 295 2.08
160 80 40 84 1.46 147 212 2.08
640 320 160 336 1.47 147 2.09 2.08

So under the naive prior setting of o7, = 0, = 03, the Bayes fac-
tor favors M3 (the recessive model) the most and M, (the addi-
tive model) the least.

We note that the proposed calibrated prior depends on the
Fisher information of a particular model. In Bayesian statistics,
previously proposed priors that depend on the Fisher’s infor-
mation include the Jefferys prior and the prior that connects
the Schwarz’s Bayesian information criterion to a Bayes factor
approximation (Kass and Wasserman 1995).

Calculating the true calibration parameters can be compu-
tationally burdensome ranging from minutes to hours depend-
ing on the sample size, whereas the closed-form approximations
can be computed instantaneously. Comparisons of the asymp-
totic approximations k and ks to the true calibration parame-
ters k, and ks are made over several experlmental designs and
presented in Table 7. It is observed that kz and k3 are accurate
approximations to k, and k3. Performance comparisons in terms
of the Bayes factors are provided with real data applications in
the next section.

The exact calibration in the previous section and the approx-
imate calibration in this section are implemented in R and avail-
able at https://sites.google.com/site/jiangangliao/.

5. Simulation Study and Applications

Monte Carlo simulation is conducted to study the property of
the proposed Bayes factors. We assume the Hardy-Weinberg
equilibrium for the control population by making

o1 = 2p(1 — p), w2 = (1—p)*

with p = 0.2. We simulate under the four models in Table 2.
For models M;, M,, and M3, two values of 8 are considered:
B =log(1.5) and § = log(2). The probabilities 7719, 71;, 7715 are
computed using Equation (1). We then draw a case-control
dataset in the form of Table 3 with n; = ny = 500 and ny =
ny = 1000. For each dataset, we compute the noncalibrated
Bayes factors log(K;;) and log(K3;) under priors o7 = 0, =
03 = 2. These are compared to the calibrated Bayes factors using

2
Too = P~

the approximated calibration parameters k and ks. This pro-
cess is replicated 1000 times and the average of the log(K5;) and
log(Ks;) are given in Tables 8 and 9 for the two different sample
sizes.

The simulations show a substantial improvement when using
calibrated priors over naive priors. As discussed in Section 4,

Table 8. Simulation demonstrating reduced bias with calibrated priors (n, = n, =
5

00).

Noncalibrated Calibrated

Association Value of avg avg avg avg
model B log(Ky) log(Ky)) log(Ky) log(Ky)
No association 0 0.1677 1.061 0.0057 0.0200
Additive log(1.5) —0.8144 —3.769 —1.004 —4.660

log(2) —3.219 —1227 —3.426 —13.00
Dominant log(1.5) 0.7044 —2918 0.5426 —3.921

log(2) 1.898 —11.00 17452 —11.96
Recessive log(1.5) — 0.07489 1594  —0.2660 0.6359

log(2) —0.7766 2833  —0.9925 1.960

Table 9. Simulation demonstrating reduced bias with calibrated priors (n0 =n =
1000).

Noncalibrated Calibrated

Association Value of avg avg avg
model B log(K,) log(Ky) log(K,) avglog(K;)
No association 0 0.1701 1.0516 0.006793  0.0008285
Additive log(1.5) —1.6752 —80633 —1.8673 —8.964

log(2) —6328 —25.64 —6.536 —26.38
Dominant log(1.5) 1.30M —7.071019 11396 — 8.0845

log(2) 3.787 —23.09 3.633 —24.07
Recessive log(1.5) —0.3252 21200 —0.5179 11534

log(2) —1793 4661 —2.01m 3.781

the noncalibrated Bayes factors have a bias toward the recessive
model and to a lesser extent the dominant model. Furthermore,
this bias persists even as the sample size grows. The calibrated
Bayes factors correct this problem as the average log(K;) and
log(K3;) are much closer to zero. Under the genetic associa-
tion models (M;, M,, and M3), the calibrated Bayes factors pro-
duce desired results that support the true underlying association
model, and the support becomes stronger with increased sample
size. It is also noted that the bias that favors the recessive model
is still present when the true underlying model is one of M;,
M, or Ms, as evidenced by the average log(K3;) being always
larger for the noncalibrated priors compared to the calibrated
counterparts.

We conclude this section with the analysis of two real datasets
previously analyzed in the literature. The first dataset, published
in Biometrics (Sasieni 1997), is the dataset in Table 1. The sec-
ond dataset is from Lu et al. (2006) that was analyzed in Tal-
luri, Wang, and Shete (2014) and is reproduced in Table 11.

Table 10. Analysis of dataset in Table 1from Sasieni (1997).

prior o, o, o3 Ky Ky

naive 2 2 2 243 2.25e-4
Calibrated (k2,~k3)~ 2 2.92 4.27 1.85 1.15e-4
Approximate (kz, k3) 2 292 422 1.84 117e-4
naive 8 8 8 2.70 2.38e-4
Calibrated (k. k3) 8 17 17.1 187 1.1e-4
Approximate (k, , k;) 8 7 16.9 186 113e-4

Table 11. Dataset from Lu et al. (2006) considers association of an eNOS polymor-
phism with breast cancer.

AA Aa aa
Case 203 185 35
Control 167 200 54




Table 12. Analysis of Lu et al. (2006) dataset in Table 11.

prior o o, o3 Ky Ky

naive 2 2 2 0.445 0.380
Calibrated (kz, k3) 2 2.65 431 0.339 0.181
Approximate (kz, k3) 2 2.65 423 0.338 0.182
naive 8 8 8 0.448 0.389
Calibrated (k2,~k3)~ 8 10.6 17.2 0.337 0.181
Approximate (k,, k;) 8 10.6 171 0.338 0.181

Results are given in Table 10 and Table 12, respectively. For both
datasets, the calibrated prior corrects the inherent bias toward
recessive model M; with meaningful change in the resulting
Bayes factors. For the Lu et al. dataset, for example, the Bayes
factor K;3 changes from 1/0.38 = 2.63 to 1/0.181 = 5.53 yield-
ing much stronger support for M after calibration. Additionally,
this analysis also demonstrates that the approximations k and
ks are very accurate.

6. Discussion

Determining the type of association between disease and a geno-
type is an important basic problem in biomedical research. The
Bayes factor is conceptually a natural approach in quantify-
ing the support of the data for one association model over the
other. We show that the naive choice of equal prior variances
can lead to unexpected and undesirable Bayes factors that usu-
ally favor the recessive model, however our proposed calibrated
prior resolves this inherent bias. This approach led to a com-
prehensive development of the calibration method including an
asymptotic analysis and confirming simulation studies. The pro-
posed calibrated priors can serve as “reference priors” for genetic
association models when it is difficult to elucidate a prior for
the effect size under each association model. It can also pro-
vide a common baseline prior for comparing Bayes analyses of
different datasets. More generally, from a methodological per-
spective, the calibrated Bayes approach proposed in this study
takes advantage of a unique structure in competing genetic asso-
ciation models, which can also be used in other applications
in which the competing models share a common null. Unfor-
tunately, our approach does not seem to apply to the problem
of choosing between nested models as discussed by Kass and
Wasserman (1995).

It is now common practices to genotype many variants as
in genome-wide association studies (GWAS). The Bayes factors
log(K31) and log(K3;) can be computed for each of the thou-
sands to millions of SNPs. With so many Bayes factors com-
puted, however, special care is needed in interpreting the results.
Following a similar approach as in Efron (2010) for interpret-
ing a large number of p-values in a microarray experiment or
GWAS, we can start with the distribution of all log(K5;) as a
whole and the distribution of all log(K3;) as a whole and com-
pare them through simulations against their expected behavior
under the global null that no SNP is associated with the disease.
Our calibrated Bayes factors make this task easier because all
individual log(K5; ) and individual log(K3; ) have mean 0 under
the global null as a consequence of our calibration. Similarly, we
can compare the extreme values of log(K;;) and the extreme
values log(K3;) against their expected distribution under the
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global null. Substantial future research, however, is needed to
fully develop these ideas.
With #n; and ng often as high as 5000, computational time

can be a concern. The approximations k> and ks only involve
the central hypergeometric distribution and can be computed
rapidly. The noncentral hypergoemetric in Equation (2) is the
only bottleneck for large values of n; and . Fortunately, a very
accurate normal approximation to (2) is provided in (McCul-
lagh and Nelder 1989, p. 262). With this approximation, Bayes
factors for a SNP are no more time consuming than calculating
Wilcoxon test. The application of our method to GWAS should
therefore be computationally feasible.
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