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ABSTRACT
There has been strong recent interest in testing interval null hypotheses for improved scienti!c inference.
For example, Lakens et al. and Lakens and Harms use this approach to study if there is a prespeci!ed
meaningful treatment e"ect in gerontology and clinical trials, instead of a point null hypothesis of any e"ect.
Two popular Bayesian approaches are available for interval null hypothesis testing. One is the standard Bayes
factor and the other is the region of practical equivalence (ROPE) procedure championed by Kruschke and
others over many years. This article connects key quantities in the two approaches, which in turn allow
us to contrast two major di"erences between the approaches with substantial practical implications. The
!rst is that the Bayes factor depends heavily on the prior speci!cation while a modi!ed ROPE procedure
is very robust. The second di"erence is concerned with the statistical property when data are generated
under a neutral parameter value on the common boundary of competing hypotheses. In this case, the Bayes
factors can be severely biased whereas the modi!ed ROPE approach gives a reasonable result. Finally, the
connection leads to a simple and e"ective algorithm for computing Bayes factors using draws from posterior
distributions generated by standard Bayesian programs such as BUGS, JAGS, and Stan.
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1. Introduction

Hypothesis testing is widely used in scienti!c research. For a
statistical model parameterized by θ , the general formulation is

H0 : θ ∈ "0 versus H1 : θ ∈ "1,

where "0 and "1 are disjoint by assumption. Traditionally, a
point null hypothesis takes "0 to be a single point θ0 leading to

"0 = {θ0} and "1 = {θ : θ "= θ0} .

However, many researchers, such as Meehl (1978) and Cohen
(1994), have argued that such formulation is not appropriate
in most scienti!c research because the parameter θ cannot
be exactly speci!ed to a single point θ0. For example, when
comparing a new treatment with a standard one, the di"erence
in the mean of an outcome variable is almost never exactly 0.
Therefore, a more appropriate formulation is

"0 = {θ : ‖θ − θ0‖ ≤ δ} and "1 = {θ : ‖θ − θ0‖ > δ},

where θ ∈ "0 represents practically negligible deviation from θ0
for some δ > 0. Lakens et al. (2018) and Lakens (2017) used this
approach to study if there is a prespeci!ed meaningful treatment
e"ect in gerontology and in clinical trials. Morey and Rouder
(2011) reviewed and develop interval null hypothesis testing in
the context of psychological research. See Blume et al. (2019) for
a thorough discussion of the advantages of interval hypothesis
testing.
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A frequentist approach to interval null hypothesis testing
is an equivalence test (e.g., Rogers, Howard, and Vessey 1993;
Wellek 2010; Lakens 2017), in which H1 : ‖θ −θ0‖ > δ is in fact
the default hypothesis to reject while H0 : ‖θ − θ0‖ ≤ δ serves
as the alternative. The limitation of the frequentist hypothesis
testing is well documented (Wasserstein and Lazar 2016). In par-
ticular, it can only quantify evidence against the default hypoth-
esis but not the evidence for it. Recently, there has been renewed
interests (Morey and Rouder 2011; Kruschke 2013; Harms and
Lakens 2018; Lakens et al. 2018) in using a Bayesian approach
for tackling interval null hypothesis problem so that H0 and H1
can be treated on a more symmetric basis. The standard Bayes
approach uses Bayes factors to quantify the relative support of
the data for one hypothesis over the other. Standard references
for the Bayes factor include Kass and Wasserman (1995), Berger
(2013), and Berger and Pericchi (2015). A special issue of Journal
of Mathematical Psychology (Mulder and Wagenmakers 2016)
provides in-depth and updated discussion of the Bayes factor.

Alternatively, Krushke and others (Freedman, Lowe, and
Macaskill 1984; Hobbs and Carlin 2007; Carlin and Louis 2008;
Edwards and Berry 2010; Kruschke 2011, 2013, 2014, 2018) have
championed a procedure called region of practical equivalence
(ROPE), in which "0 = {θ : ‖θ − θ0‖ ≤ δ} is treated as a region
of practical equivalence. In this procedure, a prior for θ is !rst
speci!ed on the whole parameter space " = "0 ∪ "1. The
(1−α) highest density interval of the posterior distribution of θ

is then constructed. If this interval falls completely in "j, either
j = 0 or j = 1, then Hj is selected. Otherwise, the selection
between H0 and H1 is declared uncertain.
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The Bayes factor and ROPE procedures have been treated
as two di"erent and distinctive approaches. Because they can
produce very di"erent results (see examples below), their
appropriate use and the choice between them have been the
subject of debate both in published literature and in Internet
blog space. In particular, Bayes factor is a controversial method
with some prominent statisticians for it and some against it.
In this article, a formal connection between key quantities
of the two approaches is given in Lemma 1. This connection
allows us to contrast two major di"erences between them with
important practical implications. The !rst di"erence is that the
Bayes factor depends heavily on the prior speci!cation while
the ROPE procedure is very robust. The second di"erence
concerns the behavior of the two approaches when data are
generated under a neutral point on the common boundary
of "0 and "1. The Bayes factors can be severely biased
whereas the modi!ed ROPE approach gives a reasonable
result. Finally, the connection between the two approaches
leads to a simple and e"ective algorithm for computing
Bayes factors in a wide range of problems by using draws
from the posterior distribution of θ generated by standard
Bayesian so#ware programs such as WinBUGS (Lunn et al.
2000), JAGS (Plummer 2003), and Stan (Carpenter et al.
2017). This circumvents the need for custom-made so#ware
to calculate marginal distributions needed for the Bayes
factors.

2. Connecting the Bayes Factor Approach and the
ROPE Procedure

Section 2 and 3 will address statistical test of the form:

H0 : θ ∈ "0 = [θ0 − δ, θ0 + δ] versus (1)
H1 : θ ∈ "1 = (−∞, θ0 − δ) ∪ (θ0 + δ, ∞),

where θ is a scalar parameter and δ > 0 is prespeci!ed. We start
with the Bayes factor approach. Let π0 be a density de!ned with
support only on "0 and π1 be a density de!ned with support
only on "1. Suppose that θ can be generated from either π1
(with prior probability η1) or π0 (with probability η0 = 1 −η1).
Let f (y | θ) be the likelihood. The marginal distribution of y
under πj is then

f (y | πj) ≡
∫

f (y | θ)πj(θ)dθ , for j = 0, 1.

The notation f (y | πj) emphasizes the dependence of marginal
density on prior πj. It follows directly from Bayes’ theorem that

Pr(θ ∼ π1 | y)
Pr(θ ∼ π0 | y) = f (y | π1)

f (y | π0)

η1
η0

, (2)

where Pr(θ ∼ πj | y) denotes the posterior probability that θ

is generated from πj. In this equation, η1
η0

is the prior odds of
θ ∼ π1 over θ ∼ π0 and Pr(θ∼π1|y)

Pr(θ∼π0|y) is the posterior odds. The
Bayes factor f (y|π1)

f (y|π0)
modi!es the prior odds to posterior odds

and is the relative support for π1 over π0 in data y. It is easy to see
that f (y|π1)

f (y|π0)
= Pr(θ∼π1|y)

Pr(θ∼π0|y) when η1 = 1
2 . Note that most authors

use f (y|π0)
f (y|π1)

as the Bayes factor, which is the relative support of π0
over π1.

An alternative approach is to directly specify a single global
prior distribution π for θ with support on " and base the
inference on the posterior density f (θ | y) = c(y)f (y | θ)π(θ),
where c(y) is a normalizing constant that does not depend
on θ . A prominent method using this approach is the ROPE
procedure as summarized in Kruschke (2018):

Consider a ROPE around a null value of a parameter. If
the 95% HDI [Highest Density Interval] of the parameter
distribution falls completely outside the ROPE, then one
should reject the null value, because the 95% most credible
values of the parameter are all not practically equivalent to
the null value. If the 95% HDI of the parameter distribution
falls completely inside the ROPE, then one should accept
the null value for practical purposes, because the 95% most
credible values of the parameter are all practically equivalent
to the null value. If the 95% HDI is neither completely outside
nor completely inside the ROPE, then one should remain
undecided, because some of the most credible values are
practically equivalent to the null but others are not.

In the ROPE procedure, the region of practical equivalence
around θ0 serves as "0. The region outside "0 is then "1. The
ROPE decision rule chooses "0 over "1, or chooses "1 over
"0, or declares inconclusive if the 95% HDI of the posterior
distribution of θ is contained inside "0 or inside "1 or is split
between "0 and "1. A similar method of utilizing con!dence or
credible interval is the second generation of p-values discussed
in Lakens and Delacre (2018). Procedures based on f (θ | y) are
natural to vast number of statisticians familiar with posterior
distribution and Bayesian parameter estimation. It also paral-
lels the frequentist equivalence testing (e.g., Rogers, Howard,
and Vessey 1993; Wellek 2010; Lakens 2017) in which a (1 −
2α) con!dence interval is used in place of the (1 − α) HDI
in ROPE.

In our development below, however, a slightly modi!ed
ROPE procedure is used in which inference is based on the
posterior probability Pr(θ ∈ "j | y) =

∫
"j

f (θ | y)dθ , or
equivalently the posterior odds Pr(θ∈"1|y)

Pr(θ∈"0|y) , in spite of the fact
that the ROPE procedure championed by Kruschke relies on
the (1−α) HDI interval. This modi!cation is made because the
optimal decision rule in choosing between H0 and H1 under the
general weighted 0−1 losses uses Pr(θ ∈ "1 | y) (Robert 2007).
In addition, the HDI depends on a particular parameterization
of θ while Pr(θ ∈ "j | y) generally does not. Conceptually,
Pr(θ ∈ "1 | y) is more natural in the Bayesian framework
although HDI facilitates comparison with con!dence interval
in frequentist inference. Of course, the HDI and Pr(θ ∈ "j | y)
are closely related. In particular, the (1−α) HDI being contained
in "j implies Pr(θ ∈ "j | y) ≥ 1 −α and therefore is a stronger
requirement.

One can easily convert one formulation into the other. The
Bayes factor approach can be formulated in the ROPE notation
by combining π0, π1 and η1 into a global prior π with support
on " ≡ "0

⋃
"1:

π(θ) = η0π0(θ) + η1π1(θ).

On the other hand, the ROPE approach can be formulated in the
Bayes factor notation by truncating the global prior π separately
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on "0 and "1. Following Robert (2007, chap. 5), we have

π0(θ) = π(θ)∫
"0

π(θ)dθ
for θ ∈ "0,

π1(θ) = π(θ)∫
"1

π(θ)dθ
for θ ∈ "1,

η1 =
∫

"1
π(θ)dθ .

(3)

The Bayes factor f (y|π1)
f (y|π0)

under any π0 and π1 and the pos-
terior odds Pr(θ∈"1|y)

Pr(θ∈"0|y) in our modi!ed ROPE approach under a
global prior π = η0π0 + η1π1 have the following relationship:

Lemma 1. Assume that prior π0 is de!ned with support on "0
only and prior π1 with support on "1 only. Suppose that "0 and
"1 are disjoint, that is, "0

⋂
"1 = ∅. Then

Pr(θ ∈ "1 | y)
Pr(θ ∈ "0 | y) = f (y | π1)

f (y | π0)

η1
η0

. (4)

Proof.

Pr(θ ∈ "j | y) = c(y)
∫

"j
f (y | θ) {η0π0(θ) + η1π1(θ)} dθ

= c(y)ηj

∫

"j
f (y | θ)πj(θ) dθ

= c(y)ηjf (y | πj), j = 0, 1.

Equation (4) then follows directly.

The !rst equality of the proof comes from the de!nition of
posterior density. The second follows from the assumption that
π0(θ) = 0 for θ ∈ "1 and π1(θ) = 0 for θ ∈ "0. Note, however,
Equation (4) may not be true if priors π0 and π1 have positive
densities on a common parametric domain of ", which is quite
common in the general formulation of Bayes factors. Equation
(2), however, is generally true.

3. Contrasting the Bayes Factor and the Modi!ed
ROPE Procedure

As discussed in Section 2, the Bayes factor approach speci!es
π0 on "0, π1 on "1 and η1 separately and explicitly and uses
the Bayes factor, f (y|π1)

f (y|π0)
, to quantify the relative support of θ ∼

π1 over θ ∼ π0 in data y. In the modi!ed ROPE approach, a
global prior π is !rst speci!ed on ". Choosing between H1 and
H0 then depends on the posterior probabilities Pr(θ ∈ "1 | y)
and Pr(θ ∈ "0 | y) = 1 − Pr(θ ∈ "1 | y) under this π , or
equivalently on posterior odds Pr(θ∈"1|y)

Pr(θ∈"0|y) .
The Bayes factor and ROPE approaches, however, di"er in

two signi!cant ways. First, in the ROPE approach, the derived
π0, π1, and η1 in Equation (3) are linked together through π . In
particular, a more di"use π with support on " leads to a more
di"use π1 with support on "1 but also a larger η1. Second, the
speci!ed π in the ROPE is usually continuous at all points in ".
For the Bayes factor, however, the global prior π = (1−η1)π0 +
η1π1 is generally discontinuous at θ = θ0−δ and θ = θ0+δ (the
two common boundary points of "0 and "1), even though π0 is

continuous on "0 and π1 continuous on "1. We now show that
these two di"erences have a substantial implication in terms of
their performance.

To facilitate the asymptotic argument below, we now make
the model more explicit. Let y = (y1, . . . , yn) ∼ f (y | θ)

be a collection of n observations, where each yi is an indepen-
dent and identically distributed univariate random variable. The
asymptotic arguments will be made with respect to n → ∞. We
shall also assume the following two mild technical conditions:

1. The likelihood function f (y | θ) is di"erentiable in quadratic
means for θ ∈ " and allows for a nonsingular Fisher
information matrix Iθ .

2. For θ∗ = θ0 − δ or θ∗ = θ0 + δ, it is possible to separate θ∗

from θ in ||θ − θ∗|| > ε using a statistical test, for any ε > 0.

Condition 1 is needed for standard asymptotic likelihood ex-
pansion such that when n is large, the likelihood function f (y |
θ) can be approximated by the normal distribution N (θ̂ , σ̂ 2),
where θ̂ is the MLE and σ̂ 2 = I−1

θ̂
. Conditions 1 and 2 together

make it possible to apply the Bernstein–von Mises theorem
in the proof of Theorem 1. For detailed discussion of these
technical conditions see Chapter 10 “Bayes Procedures” in Vaart
(1998).

3.1. Contrast 1: Sensitivity to Prior Speci!cation

To explore the !rst di"erence in the context of hypothesis testing
in (1), specify a global π as uniform distribution with support
on [θ0 − T, θ0 + T] as in the ROPE approach, where T is much
larger than δ. Let "1,T = (θ0−T, θ0−δ)∪(θ0+δ, θ0+T). It then
follows that π0(θ) = 1

2δ with support on "0 = [θ0 − δ, θ0 + δ],
π1(θ) = 1

2(T−δ) with support on "1,T ⊂ "1 and η1 = T−δ
T .

Now consider some y whose corresponding MLE θ̂ is (say)
larger than θ0 + δ + 10σ̂ , where σ̂ is the asymptotic standard
deviation of θ̂ . Intuitively this represents strong evidence for H1
over H0 because θ̂ is 10σ̂ away from θ0 + δ, the upper boundary
of "0. Choose T so that θ0 + T is much larger than θ̂ + 10σ̂ .
In this way, the likelihood function f (y | θ) peaks at θ = θ̂

and rapidly diminishes when θ moves to the two boundaries of
(θ0 + δ, θ0 + T). We can then obtain a Laplace approximation
(Kass and Ra#ery 1995)

f (y | π1) = σ̂ f (y|θ̂)
√

2ζ

2(T − δ)
(1 + O(n−1)),

where ζ = 3.14159 is the constant Pi. It then follows

f (y | π1)

f (y | π0)
= δ

T − δ

σ̂ f (y|θ̂)
√

2ζ∫
"0

f (y|θ)dθ
(1 + O(n−1)).

In the above expression, f (y | π0) = δ−1 ∫
"0

f (y | θ)dθ does
not depend on T. And σ̂ and f (y | θ̂) depend only on y and
the likelihood function f (y | θ). Note also that the accuracy
of this Laplace approximation is determined by how well the
density of N (θ̂ , σ̂ 2) approximates likelihood function f (y | θ)

around θ̂ for the given y such that the Laplace approximation
remains valid if T is further increased. We see that f (y|π1)

f (y|π0)
→ 0

as T → ∞. This is clearly an undesirable property of the Bayes
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factor and is an illustration of Lindley’s paradox (Robert 2014).
Intuitively, when π1 is very di"use, marginal density f (y | π1)
becomes very small for any y because π1 puts the majority of its
probability distribution in areas far away from θ̂ , where f (y | θ)

is almost 0. On the other hand,

Pr(θ ∈ "1|y)
Pr(θ ∈ "0|y)

= η1
1 − η1

f (y | π1)

f (y | π0)
= σ̂ f (y|θ̂)

√
2ζ∫

"0
f (y|θ)dθ

(1+O(n−1)),

which is very robust to di"erent values of T. This is because,
as T → ∞, the additional factor η1

1−η1
, which approaches ∞,

negates the e"ect of π1(θ) → 0.
Note that the exhibited sensitivity characteristics remain true

if the uniform distribution π on [θ0 − T, θ0 + T] above is re-
placed by normal distribution N (θ0, T) on ", and the uniform
distribution π1 on "1,T and π0 on "0 are replaced by N (θ0, T)

truncated on "1 and "0, respectively.

3.2. Contrast 2: Behavior at the Common Boundary of !0
and !1

To explore the second di"erence, !rst note that, for !xed π0 and
π1, Bayes factors are consistent under quite general conditions
(Kass and Ra#ery 1995). In particular, f (y|π1)

f (y|π0)
→ ∞, as n → ∞,

if y is generated under f (y | θ) with π0(θ) = 0 and π1(θ) > 0.
Similarly, f (y|π1)

f (y|π0)
→ 0 when π0(θ) > 0 and π1(θ) = 0. It then

follows from Lemma 1 that Pr(θ∈"1|y)
Pr(θ∈"0|y) is also consistent.

We now discuss the property of Pr(θ ∈ "1 | y) and Pr(θ∈"1|y)
Pr(θ∈"0|y)

when y ∼ f (y | θ∗), where θ∗ = θ0 − δ or θ∗ = θ0 + δ, the two
common boundary points between "0 and "1. We call these
two points the “neutral points” between "0 and "1. We shall
assume that π0 and π1 are both de!ned on θ0 − δ and θ0 + δ as
the appropriate one-sided limits. For example, for θ∗ = θ0 + δ,
π0(θ∗) = limθ↑θ∗ π0(θ) and π1(θ∗) = limθ↓θ∗ π1(θ).

Theorem 1. Let y be a random sample form f (y | θ∗), where θ∗

is either θ0 − δ or θ0 + δ, the two neutral points. Assume π(θ)

is positive and absolute continuous in the neighborhood of θ∗,
then as n → ∞,

Pr(θ ∈ "1 | y) d−→ Uniform(0, 1),

log Pr(θ ∈ "1|y)
Pr(θ ∈ "0|y)

d−→ Logistic(0, 1).
(5)

For absolutely continuous prior densities π0 and π1 with
π0(θ∗) > 0 and π1(θ∗) > 0,

log f (y|π1)

f (y|π0)
d−→ log π1(θ∗)

π0(θ∗)
+ Logistic(0, 1).

In the above formulation, Logistic(0, 1) has density e−x

(1+e−x)2 ,
mean 0 and variance ζ 2

3 , where ζ is constant Pi. The proof of the
Theorem 1 is in the Appendix.

To see the implication of Theorem 1, note that it is reasonable
to expect that H0 and H1 be somewhat equally supported when
data y is generated under one of these two neutral points. This
is true asymptotically for Pr(θ ∈ "1 | y) and log Pr(θ∈"1|y)

Pr(θ∈"0|y)
in our modi!ed ROPE approach because their distributions are

Table 1. Numerical comparison between the Bayes factor and the ROPE procedure.

T Pr(θ ∈ "1|y) Pr(θ∈"1|y)
Pr(θ∈"0|y)

f (y|π1)
f (y|π0)

50 0.9998 4913.5778 49.63
200 0.9998 4913.5780 12.31
800 0.9998 4913.5788 3.07
3200 0.9998 4913.5820 0.768

symmetric between "1and "0. In the Bayes factor speci!cation
of π0 and π1, however, π1(θ∗) is o#en much smaller than
π0(θ∗). The asymptotic mean of log f (y|π1)

f (y|π0)
is then much smaller

than 0, favoring H0 over H1. A similar bias is exhibited in using
Bayes factors to compare three competing genetic association
models in Liao, Liao, and Berg (2016).

3.3. Numerical Example

As an example to illustrate the two contrasts, let y =
(y1, . . . , yn), where yi ∼ N (θ , 1) independently. Let δ = 1

2 and
let the global prior π be a uniform distribution with support
on [−T, T]. Let π0 and π1 be implied local prior as given in
Equation (3). For contrast 1 in Section 3.1, consider some y with
n = 50 and ȳ = θ̂ = 1. Table 1 gives the value of Pr(θ ∈ "1 | y),
Pr(θ∈"1|y)
Pr(θ∈"0|y) and f (y|π1)

f (y|π0)
for several values of T. It is observed that

Pr(θ ∈ "1 | y), Pr(θ∈"1|y)
Pr(θ∈"0|y) are very stable for di"erent values of

T while f (y|π1)
f (y|π0)

is inversely proportional to T, leading to vastly
di"erent values for di"erent speci!cations of T.

For contrast 2 in Section 3.2, we generated 1000 replications
of y under y ∼ f (y | θ0 + δ). For each replication, the three
quantities in Table 1 are calculated. Their distributions from
these 1000 replications are plotted in Figure 1 for n = 50 and
n = 100 under T = 200. The histogram of Pr(θ ∈ "1 | y)
in the !rst sub!gure, indeed approximates Uniform(0, 1) well.
The distribution of log Pr(θ∈"1|y)

Pr(θ∈"0|y) in the second sub!gure is
mostly symmetric around 0, representing equal support for both
H1 and H0. The log f (y|π1)

f (y|π0)
in the third and fourth sub!gures,

however, is distributed predominantly below 0, which strongly
favors H0 over H1. The results here are numerical computa-
tion using exact formula for reported quantities, not based on
Laplace approximation.

3.4. Discussion and Recommendation

The above comparison between the Bayes factor and the mod-
i!ed ROPE procedure clearly favors the ROPE approach and
raises serious concern about the suitableness of the Bayes factor
in these examples. However, since the Bayes factor is derived
from Bayes’ theorem, it seems hard to dismiss it as an invalid
statistical tool. To resolve this con$ict, note that the Bayes factor
is derived under the condition that θ is generated from either π0
or π1. The Bayes factor f (y|π1)

f (y|π0)
then gives the right index of evi-

dence from Bayes’ theorem. In practical application, however, π0
and especially π1 are o#en unknown and their misspeci!cation
can lead to very misleading Bayes factors as shown above. Our
recommendation is therefore:
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Figure 1. Distribution of posterior probability, log posterior odds, and log Bayes factors at the neutral point.

1. Use the Bayes factor f (y|π1)
f (y|π0)

if π0 and π1 can be speci!ed with
some con!dence; either they are derived from a theoretical
framework, or they re$ect the e"ect size θ of particular
practical interest, or they are formulated from past data. In
this way, the two exposed de!ciencies of the Bayes factor no
longer apply.

2. One the other hand, the Bayes factor is not suitable if one
cannot clearly quantify the size of θ under H0 and H1 with
prior π0 and π1. In the case of "0 = [θ0 − δ, θ0 + δ]
and "1 = (−∞, θ0 − δ) ∪ (θ0 + δ, ∞), one π1 uniform
on "1,T = (θ0 − T, θ0 − δ) ∪ (θ0 + δ, θ0 + T) for a
smaller T and the other π1 for a very large T lead to very
di"erent Bayes factors because they represent two di"erent
hypotheses even though both π1 are de!ned with support
on "1 and both are compatible with H1. In this case, the
modi!ed ROPE procedure can be a better choice because its
robustness against di"erent speci!cations of π is important
practically. Its asymptotically equal support at the neutral
points between "0 and "1 is one form of unbiasedness and
nicely separates "0 and "1.

Finally, the asymptotic distributions of Pr(θ ∈ "1 | y)
and log Pr(θ∈"1|y)

Pr(θ∈"0|y) when y is generated under one of the neutral
points can serve as a useful reference distribution in interpret-
ing their observed values. They can play the same role that
Uniform(0, 1) plays for p-values. For example, even at a neutral
point, there is 10% probability of Pr(θ ∈ "1 | y) > 0.90. So
observing Pr(θ ∈ "1 | y) = 0.90 cannot be interpreted as
too convincing an evidence for H1. More research is needed,
however, to fully understand the utility of results in Theorem 1.

4. Computing Bayes Factors Using MCMC Draws From
the Posterior Distribution

We now extend Lemma 1 to models with nuisance parameter.
Let f (y|θ , λ) be the likelihood, where θ is a scalar parameter
of interest and λ is a nuisance parameter. As before, let π0 be
prior of θ with support on "0, π1 be prior with support on
"1, and π = η0π0 + η1π1 be the global prior with support
on ". Additionally, let πλ be the prior of λ on parameter space
+. For simplicity, we shall assume that the prior of θ and λ are
independent. It follows that, for j = 0, 1,

f (y | πj, πλ) ≡
∫

"j

{∫

+
f (y | θ , λ)πλ(λ)dλ

}
πj(θ)dθ .

The Bayes factor is then f (y|π1,πλ)
f (y|π0,πλ) . The posterior distribution of

(θ , λ) under product prior π(θ)πλ(θ) is

f (θ , λ | y) = c(y)f (y | θ , λ)π(θ)πλ(λ),

where c(y) is a normalizing constant depending only on y but
not on (θ , λ). It follows that

Pr(θ ∈ "j | y) = c(y)
∫

"j

{∫

+
f (y | θ , λ)πλ(λ)dλ

}
π(θ)dθ

= c(y)ηj

∫

"j

{∫

+
f (y | θ , λ)πλ(λ)dλ

}
πj(θ)dθ

= c(y)ηjf (y | πj, πλ).

We then have
f (y | π1, πλ)

f (y | π0, πλ)
= η0

η1

Pr(θ ∈ "1 | y)
Pr(θ ∈ "0 | y) ,
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which is the same as Equation (4) in a slightly di"erent format.
Note that this identity is true for any η1 ∈ (0, 1).

Usually customized so#ware is needed to calculate Bayes
factors by computing the marginal distributions f (y | π1, πλ)

and f (y | π0, πλ) through numerical integration. Coding such
so#ware can be a tedious and error-prone task. The above
equation, however, provides a simple method to compute Bayes
factors from draws of the posterior distribution f (θ | y) =∫

f (θ , λ | y)dλ. Such draws can be generated using standard
Bayesian programs such as Stan (Carpenter et al. 2017), JAGS
(Plummer 2003), and WinBUGS (Lunn et al. 2000). The method
is explained through the following steps.

1. Choose η1 ∈ (0, 1) and η0 = 1 − η1 to reduce, as much
as possible, the discontinuity of the global density π =
η0π0(θ)+η1π1(θ) at the two boundary points θ−δ and θ+δ.
For example, when π0 and π1 are both symmetric around θ0,
π becomes continuous at θ − δ and θ + δ with the choice of

η1
1 − η1

= π0(θ0 + δ)

π1(θ0 + δ)
.

This choice of η1 improves the computational e%ciency in
Step 2.

2. Generate Monte Carlo draws θ (1), . . . , θ (N) from posterior
distribution p(θ | y) under prior π = η0π0 + η1π1, where N
is the Monte Carlo sample size. This step can be accomplished
by one of the popular general so#ware mentioned above.

3. It follows from MCMC theory (Gelman et al. 2013, chap.
11) that, under quite general conditions, the le# side is a
consistent estimator of the right side in the following two
equations:

1
N

N∑

i=1
1θ (i)∈"1

P−→ Pr(θ ∈ "1 | y)

and

η0
η1

1
N

∑N
i=1 1θ (i)∈"1

1 − 1
N

∑N
i=1 1θ (i)∈"1

P−→ f (y | π1, πλ)

f (y | π0, πλ)
. (6)

There are several advantages of this approach of computing
Bayes factors over custom so#ware. First, it reduces program-
ming cost considerably. Second, packages such as Stan (Carpen-
ter et al. 2017), JAGS (Plummer 2003), and WinBUGS (Lunn
et al. 2000) are well-tested, high quality so#ware routines that
are familiar to most statisticians performing Bayesian analyses.
So it is more likely to get correct answers quickly. Third, people
have gained considerable experience and understanding of the
posterior distribution, and this approach facilitates the adoption
of the Bayes factor as an integrated part of Bayesian inference.
The disadvantage is that it can be computationally less e%cient
than custom so#ware speci!cally designed for computing Bayes
factors.

There has been a long line of research in using MCMC
draws to compute Bayes factors. They include, for example,
the harmonic mean approximation (Meng and Wong 1996;
Weinberg 2012); reversible jump Markov chain in Green (1995),
an improved Savage–Dickey method to compute Bayes factors
for nested models in Gelfand and Smith (1990), Chib (1995),
and Morey et al. (2011). Recently, Kypraios and O’Neill (2018)

Table 2. Blood pressure change data from Lyle et al. (1987).

Calcium 7 −4 18 17 −3 −5 1 10 11 −2
Placebo −1 12 −1 −3 3 −5 5 2 −11 −1 −3

proposed a supermodel approach in which the competing mod-
els are components of a mixture distribution. These specialized
methods can be numerically unstable or computationally very
involved. Our procedure here, by using the special structure of
interval hypotheses, is much simpler: "0 and "1 are naturally
combined into a single parameter space " for easier MCMC
draws of θ (i) and a simple proportion of θ (i) ∈ "j is needed
in processing θ (1), . . . , θ (N).

4.1. Example 1: Two Sample t-Test

Here we consider a simple dataset from Lyle et al. (1987), which
was also analyzed in Gönen et al. (2005) and Wang and Liu
(2016). The data (reproduced in Table 2) consist of changes in
systolic blood pressure over 12 weeks for 21 African-American
men, 10 of whom took calcium supplements and the remaining
11 took placebo supplements. Testing for equality of means
between these two groups with a two-sample t-test (assuming
equality of variances) yields a t-statistic of 1.63 and a p-value
of 0.12. We now proceed to compute the Bayes factor for in-
terval null hypotheses. Let X1, . . . , Xn

iid∼ N (µX , σ 2), and let
Y1, . . . , Ym

iid∼ N (µY , σ 2). We are interested in evaluating the
standardized e"ect size

θ = µY − µX
σ

.

In particular, we consider the following hypothesis:

"0 = {θ : |θ | ≤ δ} versus "1 = {θ : |θ | > δ},

for some prespeci!ed δ > 0. To compute the Bayes factor, we
assume the following priors

µX ∼ N (0, 1002),
σ 2 ∼ Inverse-Gamma(10−2, 10−2),
θ | H0 ∼ π0(θ) ≡ Uniform(−δ, δ),
θ | H1 ∼ π1(θ) ≡ N (0, τ 2)I|θ |>δ ,
µY = µX + θ × σ ,

where τ in θ ∈ H1 is a parameter to be speci!ed: a larger
τ makes π1 more deviated from π0 and more di"use on "1.
In this problem, nuisance parameter λ includes µX and σ . We
implement the three-step algorithm above in Stan with its no-
U-turn sampler (Ho"man and Gelman 2014).

We calculated the log Bayes factor, that is, log f (y|π1,πλ)
f (y|π0,πλ) for

δ = 0.1, which is generally considered as a small e"ect size, over
a range of values of τ in π1. The result is plotted in Figure 2.
All these log Bayes factors are between (0.2, −1.3), indicating
mostly slight more support for H0 over H1. It is also seen that
the log Bayes factor decreases as τ increases, similar to our ex-
ample in Section 3.3. Computationally, we ran four Monte Carlo
Markov chains in Stan with 5,00,000 iterations in each chain
for every calculated Bayes factor. Standard MCMC diagnostics
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Figure 2. Log Bayes factors for the blood pressure data.

Table 3. Data format for the ith study.

Death Non-death Total

Beta-blocker yi,1 ni,1 − yi,1 ni,1
Placebo yi,0 ni,0 − yi,0 ni,0

tools such as Rhat show that the MCMC chains converged to the
target stationary distribution. The e"ective sample size of each
MCMC chains is about 250,000.

It is noted that the Bayes factor for two-sample t-test setting
with point null H0 : µX − µY = 0 has been extensively
studied (Gönen et al. 2005; Rouder et al. 2009; Wang and Liu
2016) including the R package BayesFactor by Morey and
Rouder (2018). The focus of this section, however, is on the
computational algorithm for the Bayes factor.

4.2. Example 2: Meta-Analysis With a Hierarchical Bayes
Model

Here we consider meta-analysis of a dataset originally published
in Table 10 of Yusuf et al. (1985), which contains mortality data
across 22 studies of patients who were treated with either a beta-
blocker or placebo a#er experiencing a heart attack. The dataset
is also reproduced and analyzed in Gelman et al. (2013, sec. 5.6).
The data from each study forms a 2 × 2 table with the ith study
as in Table 3.

For the ith study, let pi,j, j = 0, 1, be the underlying probabil-
ity of death for the placebo and beta-blocker group, respectively,
and let θi be the corresponding log odds ratio, that is,

θi = log
( pi,1

1 − pi,1

/ pi,0
1 − pi,0

)
= logit(pi,1) − logit(pi,0).

We assume θi ∼ N (θ , σ 2), where θ , the mean of individual θi, is
the focus of our inference. In particular, we compare "0 = {θ :
|θ | ≤ δ } versus "1 = {θ : |θ | > δ}. Our hierarchical Bayesian

Table 4. Log Bayes factors for di!erent values of δ.

δ 0.10 0.15 0.20 0.25 0.30 0.35 0.40

log f (y|π1,πλ)
f (y|π0,πλ)

2.72 1.51 0.24 −0.95 −2.18 −3.60 −5.19

model is speci!ed as follows:

yi,j ∼ Binomial(ni,j, pi,j),
logit(pi,0) ∼ N (0, 102),

θi ∼ N (θ , σ 2),
θ | H0 ∼ π0 ≡ Uniform[−δ, δ],
θ | H1 ∼ π1 ≡ N (0, τ 2)I|θ |>δ ,

σ 2 ∼ Inverse-Gamma(10−2, 10−2).

For τ = 2.5 δ, we use the three-step algorithm above to
estimate the log Bayes factor. The results are given in Table 4
for !ve di"erent values of e"ect size δ. Note that the log Bayes
factor shows strong support for H1 over H0 for δ = 0.10 whereas
it presents weak support of H1 for δ = 0.20. When δ increases
beyond 0.25, however, the log Bayes factor starts to show greater
support of H0 than H1. Therefore, it seems that the most likely
e"ect size δ is between 0.20 and 0.25. Computationally, we
ran four Markov chains with 100,000 iterations in each chain
with e"ective sample size about 38,000 for each chain. Based
on Rhat, the MCMC chains converged to the target stationary
distribution.

Appendix: Proof of Theorem 1

Proof. The following proof is for θ∗ = θ0 − δ. The case of θ∗ = θ0 + δ

can be shown similarly. We shall assume that mild conditions noted in
Section 3 are satis!ed. The Bernstein-Vonn Mises theorem then states
that the posterior distribution

√
nθ | y can be approximated by normal

distribution N
(√

nθ̂ , σ 2
)

, where σ 2 = I−1
θ∗ and Iθ∗ is the individual
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Fisher information matrix of f (y | θ) at θ = θ∗. It then follows that

Pr(θ < θ∗ | y) = Pr(
√

nθ <
√

nθ∗) | y) = -

(√
n(θ∗ − θ̂)

σ

)

+o(1).

(A.1)
The asymptotic posterior probability on the right of Equation (A.1)
depends on y through MLE θ̂ . Further consider the variation of y ∼
f (y | θ∗). The θ̂ itself has distribution

√
n(θ∗ − θ̂)

d−→ N (0, σ 2), where
the convergence is in distribution. Applying this variation of θ̂ to the
right side of Equation (A.1), we have that Pr(θ < θ∗ | y), as a function
of y, converges in distribution to Uniform(0, 1). It can be further shown
that, for θ∗ = θ0 + δ, Pr(θ ∈ "0 | y) = Pr(θ < θ∗ | y) + o(1) as
n → ∞. We arrive at the !rst conclusion of Theorem 1.

Now let π0 and π1 be the two priors speci!ed in the Bayes factor
approach. Let θ∗ be a neutral point as before. De!ne

η∗
1 = π0(θ∗)

π0(θ∗) + π1(θ∗)

and

π∗(θ) = (1 − η∗
1)π0(θ) + η∗

1π1(θ).

Then π∗(θ) is then positive and absolute continuous in the neighbor-
hood of θ∗. Let y ∼ f (y | θ∗). It follows from the result above that

log Pr(θ ∈ "1 | y)
Pr(θ ∈ "0 | y)

d−→ Logistic(0, 1),

where Pr(θ ∈ "j | y) is with respect to prior π∗. We then have, from
Lemma 1, that

log f (y | π1)
f (y | π0)

d−→ log
1 − η∗

1
η∗

1
+ Logistic(0, 1),

where 1−η∗
1

η∗
1

= π1(θ∗)
π0(θ∗) .

The proof of Theorem 1 is complete.
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